SCHRODINGER-NEWTON EQUATIONS IN DIMENSION TWO VIA A
POHOZAEV-TRUDINGER LOG-WEIGHTED INEQUALITY

DANIELE CASSANI' AND CRISTINA TARSI?

ABSTRACT. We study the following Choquard type equation in the whole plane
(€)= AutV(@u= (I Flz,u)f(@,u), @cR

where I is the Newton logarithmic kernel, V' is a bounded Schrédinger potential and the
nonlinearity f(z,u), whose primitive in u vanishing at zero is F'(x, u), exhibits the highest
possible growth which is of exponential type. The competition between the logarithmic
kernel and the exponential nonlinearity demands for new tools. A proper function space
setting is provided by a new weighted version of the Pohozaev—Trudinger inequality which
enables us to prove the existence of variational, in particular finite energy solutions to (C).

1. INTRODUCTION
Consider the following class of nonlocal equations
(1.1) —Au+V(@)u= Iy Fu)f(u), =eRY

where V' > 0 is the external Schrodinger potential, F' is the primitive function of the non-
linearity f vanishing at zero, the kernel I, is defined for z € R¥ \ {0}, N > 2 by

o
I'a/2)w 2%
—r N
FLE O0<a<N,
Iy(x) ==
1 1
—— = log—, a=N\,
oN-1ra (X)) 7 [z|

where I'(+) denotes Euler’s Gamma function. Notice that passing from av < N to the limiting
case a = NN the kernel is no longer of one sign and does not decay at infinity which sets the
problem in a quite different framework. By introducing the function ¢ := I, * F'(u) one has
that is equivalent to the following system

—Au+V(z)u = ¢f(u),
(1.2) reRN
~AZ¢=F(u)

which in the case o = 2 it turns out to be the so-called Schrédinger—Poisson system which
has an Hamiltonian structure and which turns out to be relevant in applications, see [5]
and references therein. An extensive literature has been devoted to the higher dimensional
case N > 3 and we refer to [25] [13] [14] [I7, [37] for an up to date, though non exhaustive
bibliography. On the contrary, just a few results are available in the planar case. Existence
results in the case @ < N = 2 have been proved in [3] in the case of power-like nonlinearities
and in [I] in the case of exponential growth. However, in dimension two the equivalence
between and in the Schrodinger—Poisson case o = 2, carries over as long as the
logarithmic kernel is taken into account. Existence and qualitative properties of solutions in
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2 D. CASSANI AND C. TARSI

the case of logarithmic kernel have been obtained in [7, [I5] for power-like nonlinearities. On
the other hand, the polynomial growth somehow downplays the main feature of dimension
two which allows finite energy solutions to have arbitrary polynomial growth up to the
exponential.

The main purpose of this paper is to tackle the problem in which one has the logarithmic
kernel and the exponential growth, namely the limiting case « = N = 2 which is in turn
the Schrodinger-Poisson case. As we are going to see, the main difficulty arises in the
competing presence of a too loose singular behavior of the logarithmic kernel compared with
the exponential growth of the nonlinearity within the convolution, for which the problem
demands for a proper function space setting. Here we develop a suitable framework in which
we can prove the existence of mountain pass solutions. Let us finally mention that nonlinear
terms with exponential growth outside the convolution, which cast the problem in a quite
different context, have been recently considered in [2].

We will focus on the following non-autonomous problem

1 1
—Au+V(z)u = %<logm * F(x,u))f(x,u), in R?
uwe HY(R?), u>0.

(1.3)

On the Schrodinger potential V' we make the following assumptions:
(V1) V(z) > Vo > 0 in R? for some Vy > 0;
(Va) V() is a 1-periodic continuous function .
With a slight abuse of notation, we assume the nonlinearity f(z,s) = c(z)f(s) where ¢(x)

is a strictly positive, 1-periodic continuous function and f(s) a differentiable function whose
primitive vanishing at zero is F'(s) and such that:

(f1) f(s) >0forall s >0, f(s) < CsPe’™” as s — 400 for some p > 0 and f(s) < st71
for some ¢ > 2 as s — 0;

(f2) 3C > 6 > 0 such that § < F(SZ){S/(S) <C Vs>0

f2(s)
F(s)f'(s) _ d F(s) _
1 .
Us) B~ sy DT 7)) =
3f(s)F
(f1) EI_P M > B >V, where V will be explicitly given in Section
s 0 e8ms

Since we look for positive solutions, we may also assume f(s) =0 for s < 0.
Let us make a few comments on our assumptions:

e (f1) gives the following

s9, s < sp

g1 dms? for some sg > 1
)

1.4 < F(s) <

(14) 0<FE <0 { 5 e 12
observing that f S pednt? gy < gp—1 IN ted ™ 4t for any s > 1'

e (f2) implies f(s) is monotone increasing in s, so that F(s) = [5 f(r)dr < sf(s).
Hence, the quantity l;((;::)) = Z((ﬁ))?((j)) = 1;((::)) is well deﬁned and vanishes only at
s = 0. Furthermore,

A48 P i

which implies F'(z,s) < (1 — §)sf(z,s) and this improves the previous Ambrosetti-
Rabinowitz condition F'(z,s) < sf(z,s);

e (f3) yields a fine estimate from below on the quotient as s — +o0.

f
?)
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Indeed, for any € > 0 there exists s. > 0 such that:
Ff 0s s < se
. = J > 9 P
(1.6) f2 (S)—{(l—s)s, 8§ > 8¢ ;

e (f4) is in the spirit of the de Figueiredo-Miyagaki—Ruf condition [19] which in di-
mension two turns out to be a key ingredient in order to prove compactness. Loosely
speaking, it plays the role of the upper bound of the energy in terms of the Sobolev
constant (1/N)S™/2 in higher dimensions. The role of condition (f4) will be detailed
in Section [5}

e Functions F;(s) satisfying our set of assumptions are for instance given by:

s, s < sg
Fl(S):{ AT ] g5 Vg > 2 Fy(s) = sPe ins® yp > 2

s, s < sp
Fs(s) = -

3( ) { CSp€47rs2, s> s
Accordingly to our assumptions on the nonlinearity, we will consider functionals which are
asymptotic, near the origin, to s?¢, with ¢ > 2. Nevertheless, for the sake of clearness,
and since it has an independent interest by itself, we will state..... also in the case ¢ = 2
SISTEMARE, anche nel seguito (fino a Overview) Consider the following weighted Sobolev

Hl 2 . . . . .
space H,,(R*) which is the completion of smooth compactly supported functions with respect
to the norm

Jally = 190l + gy = [ [Vulde+ [ ®log(e + [ol)da

Theorem 1.1. The weighted Sobolev space HL(R?) embeds into the weighted Orlicz space
Ls(R?,log(e + |z|)dz) where ¢ is the n-function ¢(t) = et” — 1. More precisely, we have

, Vg>2,p>1.

(1.7) / (eo‘“2 - 1) log(e + |z|)dz < 0o
R2
for any u € HL(R?) and any a > 0. Moreover, the following uniform bound holds
(1.8) sup / (eQMQ — 1) log(e + |z|)dz < 400 .
[lull,<1J/R2

In the case ¢ > 2 case, the natural weighted Sobolev space turns out to be H'L% (R?),
defined as the completion of smooth compactly supported functions with respect to the norm

2
Jully = 19l + [l Py = [ VuPdo+ [ fultlog(e + [ol)da
R2 R2

We furthermore let
= [ 1Vuf? + Viaf* da.
RQ

and use H{(R?) for the set of all functions with bounded || - ||y norm. Let also wq(x) :=
log(1 + |z[), and

q
el v o= ||u||%+|ruu%q(wodx>=||u||2v+< /R 2 |u|q10g<1+|x|>dx) ,

and we consider H‘l/Li]U0 (R?) as the completion of smooth compactly supported functions
with respect to the norm || - ||g,v,w, (see (4.1))).

In the more general case ¢ > 2, we prove a Trudinger type inequality similar to Theorem
see Section [3| Relying on it, we state our main result

Theorem 1.2. Suppose the nonlinearity f satisfies (f1)—(f1) and that the potential V' enjoys
(V1)=(Va). Then, problem (1.3) possesses a nmontrivial finite energy solution in the space
H LY, (R?).
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Overview. Equation has a long history, heritage of the early studies on Polarons
iniziated by Frohlich [20] and then has been revealed a good model also in completely
different contexts such as plasma physics [24] and quantum gravity [29]. We refer the
interested reader to the survey [25] and references therein for more on Physical aspects of
the problem.

Formally, the energy associated to problem is given by

Iy (u) = 1 / \Vul|? + V(z)u’dx — L [log S * F(m,u)] F(z,u)dx .
2 R2 47 R2 ’$|

In order to have the energy well defined in presence of a logarithmic kernel, the authors
in [15 [34], restrict the space H' introducing a further constraint, eventually setting the
problem in an intersection space in which the energy turns out to be well defined by the
Hardy-Littlewood—Sobolev inequality. Our approach here is different, from one side we
look for a proper function space setting in which such a natural constraint turns out to be
automatically satisfied and on the other side, we wonder if this can be done by allowing the
nonlinearity to exhibit exponential growth which is what we expect in dimension two, since
the seminal work of Pohozaev [3I] and Trudinger [36]. Indeed, we prove that the Sobolev
space H' with a logarithmic weight on the L? mass term of the norm gives the proper
function space setting in which the energy in well defined up to the natural exponential
growth in the nonlinearity. Our argument throws light on the fact that, roughly speaking,
as concentration phenomena in the Moser functional are controlled by the L? norm of the
gradient whereas vanishing phenomena are controlled by the L? norm, here we prove that
a suitable logarithmic weight in the L? component of the H! norm is enough to obtain a
functional inequality which at the end yields a natural function space framework where to
set up the problem. We think this result is of independent interest and that could be useful
elsewhere. As pointed out also in [2 [I5] an extra difficulty is given here by the lack of
invariance by translations of the energy which forces to prove a priori bounds of eventually
vanishing Palais—Smale sequences. Our method seems to be more natural also in this respect,
as starting from any PS sequence we can prove the existence of a weak H'-limit with no
need to establish a priori bounds.

For convenience of the reader, some preliminary material is recalled in Section [2| In Section
we establish the fundamental embedding inequality which will provide the function space
framework of Section [4] and that will be used throughout the paper. Section [3] is devoted
to show the underlying mountain pass geometry for the energy functional and to prove
mountain pass level estimates which in this case is a delicate matter. In Section [6] we prove
compactness results by carefully analyzing the behavior of PS sequences and finally, we
conclude in Section [7] the proof of Theorem

2. PRELIMINARIES

In this section we recall some well known results which will be used in the sequel.

Let H}(2) be the classical Sobolev space, completion of smooth compactly supported func-
tions with respect to the Dirichlet norm ||V |2, when € is a bounded subset of RV, and with
respect to the complete Sobolev norm (||V - [|3 + || - [|3)/2, when the domain is unbounded
and in particular for Q = RV,

If N > 3, the classical Sobolev embedding theorem reads as follows

" 1
(2.1) H&(Q) < 2 (), namely |ullor < g IVul2 ,

where 2% := 1\2,—]_\[2 is the critical Sobolev exponent and the constant S in (2.1) is the best
possible [35].
When N = 2 is the so-called Sobolev limiting case. One has the embedding H} () < LP(Q)

for all 1 < p < oo (see also [I2] for related best constants estimates), though H}(Q) ¢
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L>®(£2). The maximal degree of summability for functions in H}(2) was established inde-
pendently by Pohozaev [31] and Trudinger [36] (see also [38]) and is of exponential type, in
a suitable Orlicz class of functions, namely

(2.2) uwe HY Q) — /(eo‘|“|2 —1)dz <oo, Ya>0.
Q

Starting from the seminal work of J. Moser [26] in which a sharp version of is estab-
lished, the Pohozaev—Trudinger embedding has been further developed during the last fifty
years, in particular the first extension of to unbounded domains appears in [9] for
functions with bounded Sobolev’s norm in the following form

(2.3) sup / (eo‘“2 - 1) de < C(a)||ullz < 0o if a < 4w
[Vull2<1, [Jull2<M JR?

Thereafter, several sharp versions have been proved and extensions in many directions for

which we refer to [32, 1I]. In particular, the borderline case in which @ = 47 remained

uncovered until Ruf in [32] established the following inequality which is sharp in the sense

of Moser [26] (so-called Trudinger-Moser type inqualities):

(2.4) sup / (eau2 B 1) dr < C(a) < oo < a <4t .
Vull2+ lul2<1 JR?

Remark 2.1. Note that in Ruf’s inequality the constraint is defined through the com-
plete Sobolev norm |V - ||3 + || - ||3. As one may realize by Cao’s result, a closer inspection
of the proof reveals that Ruf’s inequality still holds, at least in the subcritical case o < 4,
replacing the L? norm with any weighted L? norm, provided the weight is bounded and also
bounded away from the origin.

Remark 2.2. As an application of (2.2)), consider the following functional
HY(R?) 5w+ F(u)dz
R2
which is continuous on H'(R?), a consequence of (f1), (1.4) and Holder’s inequality. Indeed,

note first that for any t,s > 0
t t
/ f(r)dr / (qul + Tpfle4”2> dr
S S

s0 that, if u, — u in H'(R?), as n — oo, then

IF(t) - F(s)| = <cC

/Rz [F (un) = F(w)lde < Cllun —ull3 +C / €57 — 57 |dy

<o(l)+C <e5m‘2 - 1) \65”(“%*“2) —1ldz +C ) _ 1| dy — 0
R2 R2

and the same holds for the functional u— [po wf(x,u)dz.

The main feature of the equation is the nonlocal term defined through a convolution
product. This turns out to be well defined in view of the following Hardy—Littlewood—
Sobolev inequalities, which we state in RY for any N > 1, see [23] and also [6] for the
interpolation spaces approach.

Proposition 2.3 (HLS inequality). Let s,r > 1 and 0 < pp < N with 1/s+p/N +1/r =2,
f € L5(RY) and g € L"(RYN). There exists a constant C(s, N, ju,7), independent of f,h,
such that

[ o f@late) < s N7 Ll
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Remark 2.4. Note that the Sobolev inequality (2.1) is equivalent, by duality, to a special
case of the HLS inequality (2.3)) (see [4]). Actually, take p = N —2 and s = r = 2*: then

N
(2.3) says that the inclusion L1\2’7+2(RN) — H™YRYN) is continuous, and so, by duality, its
counterpart, H'(RY) — L2"(RY).

By exploiting a limiting procedure as g — 0, one can prove the so-called logarithmic Hardy—
Littlewood—Sobolev inequality, whose main feature is the presence of a sign-changing loga-
rithmic kernel, see [4] 10, [30].

Proposition 2.5 (Logarithmic HLS inequality). Let f,g be two nonnegative functions be-
longing to Lln L(RY), such that [ flog(1l + |z|) < oo, [glog(1l + |z|) < oo and ||f|1 =
llglli = 1. There exists a constant Cn, independent of f, g, such that

(2.5) QN/RN[log’; x f(z)]g(x) < Cn +/]RN flogfdac—l—/RNgloggdm .

Remark 2.6. Let us stress the feature of the log kernel, which has variable sign, and it
is unbounded both in 0 and at +oo. This justifies the presence of the additional condi-
tion, f,g € Lln L(RN) in order to have the inequality well defined, and in particular
that no cancellation of infinities occurs. However, this does not imply the boundedness of
[ flog f, [ glogg, but only of the positive parts [ flog, f, [glog, g. The further weight
conditions [ flog(1+ |z]), [ glog(l + |z|) < 0o make both the two sides of inequality
finite.

3. A LOG-MASS WEIGHTED POHOZAEV—TRUDINGER TYPE INEQUALITY

This Section is devoted to prove a Pohozaev—Trudinger type inequality in the whole plane
R?, with a logarithmic weight which appears only in the mass component of the energy. Here,
the logarithmic weight plays a role only as |z| — o0, for which we consider as prototype
weight w = log(e + |z|). On the other hand, it is well known from [32] 2] [I1], how the
growth near zero is a key ingredient in proving Pohozaev—Trudinger type inequalities on
unbounded domains, since it is strictly related to vanishing phenomena. Here we aim at
proving a fundamental inequality which will provide a suitable variational setting for .
Let us point out that the presence of an increasing weight prevents one to use rearrangement
arguments.

3.1. Proof of Theorem Let us first perform a change of variables which enables one
to pass from HJ(R?) to functions in H'(R?) . Note that the inverse transformation does not
turn out to be explicit and this is why we can not expect to prove directly our inequality.
Let us use polar coordinates in R?:

z = (x1,22) = |z|(cosf,sinf), where |z|=1/2?+ 23

We perform the change of variable

y = (y1,v2) = |z|\/log(e + |z|)(cos 0, sin §)

which acts only on the radial part of any point in R?, equivalently
Yy x
T(l=) =lyl, =175 lyl=lzlvlog(e+|x])
lyl ||

In order to simplify the notation, set r = |z| and s = |y|, so that the transformation becomes

s =T(r) =ry/log(e 4+ r). Note that

2log(e+r) + 4
= B ) ¥ e >0, T(0)=0, lim T(r)=4o0

2y/log(e + ) r—+00

and thus 7T is invertible on R?, though the inverse map is not explicitly known.
Define

T'(r)

v(y) :==u(z), thatis, v(y)=u(T*(|y|)cosd, T (|y|)sind)



SCHRODINGER-NEWTON EQUATIONS IN DIMENSION TWO
or, equivalently
u(rcosf,rsind) = v (T(r)cos, T(r)sind) .
Then, by a direct calculation, if
w(r,8) :=u(rcos,rsinf) w(s,0) :=v(scosb,ssinf), w(r,0)=w(T(r),0)

we have
wy(r,0) = ws (T(r),0) T'(r), we (T(r),0) = wy (T(r),0)
so that

2 +00 ~2
/ Vol dyidys = / / [wﬁ v 1:29] sdsdf
R 0 0

_ /O ” /0 o [@3(T(r),9)+UW] T/(r)T(r)drdd

21 p4oo 1 w2(r, 0 2 ,
:/0 /0 [wf(r, 0) - THOE + 97{2 ). T2(7“)] T (r)T(r)drdf .

Now,
o log(e + ) rr 1
TOP ™ fogte 1)+ gng]” 7700 o8le 1)
so that
1 72 1 2
37%r) ~ [P~ T2
Then,

L]
T oo r2T"
/ / [ } TT(r())drde.

< 2r

Noting that

2(e +r)log(e +r)

r2T"(r)
T(r)

we eventually get

1
3/ |Vu|?dzidxy </ \Vo|2dydys < 2/ |Vu|2dzidz,
R2 R2 R2

On the other hand,

/RQ 2dy—/2ﬂ/ (s,0)sdsdf = /%/ T'(r)T (r)drdf
/%/ (r, )T (r)T(r)drdf .

:r[1+ }:>r<

Since

/()T (r) =r [log(e Tt 2(617“)}

T _r2T’(r)0 -
J— log(e + 1)

2(e+r)log(e +r T(r)

2T oo 2t
2 o1 (1)
vdy:/ / w log(e 4 r)drdf
/11@2 0o Jo T(r) ( )

=rlog(e +r) [1 +

we conclude that
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and, in turn

/ u?log(e + |z|)dx < / vidy < 2/ u?log(e + |x|)dz .
R2 R2 R2
Finally,
1
(3.1) gIIUIIfUO < Jol* = IVll3 + llvl3 < 2[lull?, -
We have then proved that the map
T:H,(R*) — H(R?
U = v

is an invertible, continuous and with continuous inverse map. Then,

2w ptoo .
/ (ea“2 - 1) log(e + |z|)dx = / / (ea“2(r cosfrsinf) _ 1) log(e + r)rdrdf
R2 o Jo

am oo 2 : log(e + r)r
_ av*(T(r)cos§,T(r)sinf) 1 g T (P\T
/0 /0 <e ) T T ) (r)T'(r)drdo

2w p+oo )
S/ / (eavz(pcose,psm@ - 1) pdpd@z/ (€a1;2 . 1) dr < +o00
0 0 R2

by [32] for any « > 0. The uniform bound (L.8)) follows directly from (3.1]), as for any
u € H. and o < 27 one has

/ (ezmwuuio _ 1) log(e + |z|)dz
R2

27 p+4o0 .
_ / / e27ru2(rcos@,rsm@)/”u”io B 1) log(e + ’I”)T‘d?”d(g
2 +oo
27rv T(r)cos0,T(r )s,1n9)/||u||2 10g(€ + T) T/ P drdo
A 1) Ty - )

27 —+o00
< / / e47rv2(pcos0,psin0)/||v||2 _ 1) pdpdf :/ (847w2/||v||2 _ 1) dz < C(0)
—Jo Jo R2

again by [32].
A consequence of this embedding result is the continuity of the weighted Pohozaev—Trudinger
functional on H} (R?), namely we have

Corollary 3.1. For any o > 0 the functional
HL(R*) — R
u (ea“2 - 1) log(e + |z|)dx
R2

1S continuous.

Remark 3.2. The value 27 in (1.8)) is not sharp and the problem of establishing a sharp
version of (L.8)) in the spirit of Moser [26] remains essentially open.

3.2. The case ¢ > 2. Let us now consider the more general case of a growth function
F(s) < s?as s — 0 with ¢ > 2. In this case, the natural weighted Sobolev space turns out
to be H'L,(R?), defined as the completion of smooth compactly supported functions with
respect to the norm

2
Jully = 19l + 7y = [ VPt [ Jultlogle + [al)do
R2 R2
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Theorem 3.3. Let F(s) satisfy assumption (f1). Then, the space H'L{,(R?) embeds into
the weighted Orlicz space Lp(R?, log(e + |x|)dx). More precisely,

(3.2) /}R2 F(alul)log(e + |z|)dz < 400

for any v € H'LL,(R?) and any o > 0.
Furthermore, for any o <1/,/q one has

(3.3) sup / F (a]u|) log(e + |z|)dz < +oo .
[lullz, <1 /R?
Proof. The result will follow from the following estimate
s ifs<1
()<C{p147rs 1f821

Indeed, let u € H'L{, be such that ||ull, < 1 and define

[ul®?, ful <1
v = .
ul, — Jul>1

Then

q
ol = 1Vol13 + vl < 2/ Vul*dz
R2

+/ |ul|?log(e + m|)d:c+/ |u|210g(e+ |x|)dx
Ju|<1

lu|>1
< q/ |Vu|*dz +/ |u|?log(e + |z|)dx < QHUHZJ <7
2 R2 R2 2 2

Hence

/ Flafu]) log(e + |2|)dz < c/ alu|? log(e + || dz
R2 R2

+C u 1ap*1\u]pfle°‘24”“2 log(e + |z|)dx
u|>
_ q 2/q p—11,.|p—1 o?4rv?
=Cu HuHLq waz) TC Y ol HulP" e log(e + |z|)dx
v|>
1—a2q

a2q
<, ||u||i{1f1(wd$ + CaP ! {/|>1 [v|1=e%4 az (p— 1)}

2

a’q
: / <e4’”’2/q - 1) log(e + |z|)dx
lv|>1

oz2q
S CO[,q + Ca,q,p {/R2 (627”)2/”0”%“ — 1) log(e + |$’)d$} S Ca,p,q

where we have applied Theorem and embeddings for weighted Sobolev spaces. (I
Clearly, a corollary similar to holds also in this case
Corollary 3.4. For any a > 0 the functional
H'LI(R*) — R
u — /R2 F(alu|)log(e + |x|)dx

is continuous, where F' is a function satisfying assumption (f1).
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In analogy to our case, weighted Pohozev—Trudinger inequalities allowing increasing mono-
mial weights have been proved in [16, 27]. Finally, let us mention that related inequalities in
Sobolev spaces with respect to log-weighted measures can be found in [8], where the authors
consider a logarithmic weight in the full Sobolev norm.

4. THE FUNCTIONAL FRAMEWORK

The energy functional related to ([1.3)) is given by

1
Iy (u) = 5”“”%/ — 8 (u).
where

S(u) = 4177/]1{2 [logi *F(x,u)}F(asju)da:,

||

1/2
|lullv = </ |Vu]2 + V(x)u2dx> )
RQ

Thanks to the assumptions on the potential V', ||ul|y is equivalent to the standard Sobolev
norm. However, the energy functional Iy, is not well defined on H'(R?) due to the nonlocal
term §(u). In view of the logarithmic HLS inequality , Stubbe first proposed in the
unpublished paper [34] to set the problem in the intersection space adding the integrability
condition for which the energy is well defined. Let H{, L&, (R?) be the completion of smooth
compactly supported functions with respect to the norm

and

2
(41 (ull2 v =l -+l a0

2/q
:/ |Vu|2dx+/ UQV(J:)dx+{/ |u|qlog(1+|x|))d$}
R2 R2 R2

which in the case ¢ = 2 is induced by the scalar product

(u,v) = | VuVudz +/ V(z)uvdx +/ uvlog(1 + |z[*)dz .
R2 R2 R2
Accordingly to [22, Theorem 1.11], H{ L%, is a Banach space whose dual can be characterized

as follows [33, Theorem 14.9]
Hy'Ld (R?) = (HY(R?) N LI(R?, wodx)) = H™H(R?) + (L9)'(R?, wodz)| g1 13, -

Next, the Orlicz type embedding established in Section [3] will enable us to apply the loga-
rithmic version of the HLS inequality in order to have the energy functional well defined on
H%,LZ,0 and sufficiently smooth for variational purposes.

In what follows we will use extensively the following elementary identity

1 1
10g:log(1+> —log(1+47r) .
r r

Furthermore, since we suppose that the nonlinearity f(z,s) has the form f(x,s) = c(z)f(s)
where ¢(z) is a strictly positive, 1-periodic continuous function, from now on we may reduce
to the case ¢(z) = 1 (the general case immediately).

Let us introduce the following bilinear forms:

(u,v) — By(u,v) = /R2 [log(1 + |z|) * u] vdx = /R2 /R2 log(1 + |z — y|)u(x)v(y)dzdy;

(W) %g(u,u):/w [log(1+|331|)*u] m:/ﬂ{g /R log <1+|xiy‘> w(@)o(y)dady;
(w,0) %O(U,v)z/

[log S * u] vdr = Ba(u,v) — Bi(u,v) .
R2

]
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Since log(1 4+ t) <t for any ¢ > 0, thanks to (2.3) with 4 = 1, N = 2 we have that Bs(u,v)
is well defined on L*/3(R?) x L*3(R?), and

1
o)l < [ [ @l @)dsdy < Clullslolys
r2 Jr2 [T — Y|
Since log(1 + |z — y|) <log(l + |z| + |y|) < log(1 + |x|) + log(1 + |y|) we also have

Biw,0) < [ [ Box(t+[el) + log(1 + yD)] [ula) ol ()

= [lullr ) lloll + llull o]l L1 w)

where for simplicity we wriwe || - || 11(,) in place of || -|[11(y4y). Evaluating the bilinear forms
B;(+,-) on the field (F(u), F(u)) we obtain the functionals:

1 H'LY, w— [0,4+00), F1(u (F(u), F(u))
/R 2 /R log(1+ [z = y) F (u(e)) F(uly))ddy,
Fo: H'LI — [0,400), Fo(u) u), F(u))

/Rz /R (14 ) Pl Pt dedy

F: H' = [0,+00),§(u) = Bo(F(u), F(u)) = () F1(u) -

Reasoning as done above for the bilinear forms B;, one has that F2(u) is well defined on
H, L1, (R?) (actually, on the larger Sobolev space H'(R?)) by assumption (f) and recalling
(2.2)). Whereas for §1(u), observe that the quantity ||F'(x,u)| 11 (wedr) is always finite, for

any u € H{, L, by combining (1.4) with Theorem and Theorem

Remark 4.1. Note that for instance when q = 2, the weight in the L?> component of the
norm is given by V(z)+log(1+|x|) for which we have C1[V (x)+log(1+|z|)] < log(e+|z|) <
Co[V (z) +1og(1 + |z|)] for some positive constants C;. Thus the norms involved turn out to
be equivalent and this extends to ¢ > 2 as the norm || - ||y is equivalent to the Sobolev norm.

4.1. Regularity of the energy functional. The main goal of this section is to prove
regularity of the energy functional Iy,. We have the following

Lemma 4.2. The functionals §1,32, & and Iy are C* on H%/L?UO (R2).

Proof. Consider §1 and let {u,} be a sequence in H{, L%, (R?) converging to some u. Then
|3‘11(Un) - Sl(u)
< [ [ 1080+ ke = ) 1P ()l (9) = () Pla() | ey

< /R 2 /R og(1L+ [z — y) F(un(2)) [F(un(9)) — F(uly))| dodyt
i /R / log(1 + [z = y|) |F(un(x)) = F(u(x))| F(u(y))dzdy
< [ [ 1080 ke Pl @) | () = Pl ddy
+ /R /IR 1og(1 + [y]) | F(un(y)) — F(u(y))| F(un(z))dzdy
* /Rz /RQ log(1 + |2)F(u(y)) |F (un(2)) — F(u(x))| dady-+

T / / log(1 + [y]) | F(un(x)) — F(u(z))| Fly,u(y))dedy = I + I + Ts + I .
RQ RQ
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Now the terms I; tend to 0, as n — oo thanks to the continuity of the functional [, F(u)dx
on H' and of the functional [, F(u)log(l + |z|)dz on H{,L{,, as a consequence of (L.4)
and corollaries [3.1], [3.4] . For instance for I; we have

[, L1081+ L) P () | () = Pl ddy =
= | [ 1or1 4 D Can(oas] | [ 1P - Flutolan]
RQ RQ
< UR log(e + 2]} F(u(z))dz + 0(1)} o(1) .
For any u € H%/LZ,O the Gateaux derivative of §; at v € H‘l/LZ,0 is given by
=2 [, [ Joe(1-+1e —y) Flua))olu)f(uly))dody. v e HLY,

Since

il <2 [ [ 1081+ la) F(u@)) o) ) dady

w2 [ o1+ )Pl (ulw)dady

< 2|l ( /R 2 f2(U)dw>1/2 /R log(1+ |l F(u)da-+

+2 (/R2 log(1 + y|)quy> 1/q </R2 os(1 4 |y|)(F(u)f(u))qzldy> (¢-1)/q

< C(w)[vllg,viw

thanks to Theorems 1.1} E n so that §;(u) € Hy'Li,. The fact that & (u,) — & (u) in
H, IL?UO if up, = win HVLZ}O follows by similar arguments, we just sketch the proof:

181 (un)v — F1 (u)v]

/m/mlog Tl = y) [F () () — @) f(u(y))] o(y)| dedy

<2 [ [ tog(L 41— yl) [P (un(x)) ~ F(ulo))| F(un0))lo(w) dody+
R2 JR2
w2 [ [ toa(1 4 fo = i) () = £ F(ada)) o) dady
<2 [ o1+ laIPtu) — Pllde [ fapidy
+2 [ |Ptun) = Plullds [ log(1 + 1y f(w)loldy+
+2/ log(1 + |z|)F dm/ | f(un) w)|v|dy
2 [ Pluds / tog(1 + ly) 1 () — £ () leldy

We conclude by applying Holder’s inequality and Theorems[I.1]and [3:3] together with Corol-
laries [3.1] and [3.4] which guarantee the integrals involved are continuously bounded, thus

181 (un)v = S (W] < Cu)on(1)[|v

where 0,,(1) tends to 0 together with u,, — u in H{;L%,, as n — oc.

Q7V7w0
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Consider F2 and let {u,} be a sequence in H{,L%,(R?) converging to some u and assume
u # 0. Since u, — u in H'(R?), by [28] we have

(4.2) / |F(up) — F(u)Pdz — 0,  forany p>0.
Hence
[S2(un) — F2(u)
< [ 1080 b =) Pl @) P 0) = Fu(e)) Pl dndy

< /R2 /R2 log(1 4 |z — y| ™) F(un () |F(un(y)) — F(u(y))| dedy+
+/ log(1 + & — y| ") |F(un(z)) — F(u(z))| F(u(y))dzdy
/ / = un () |F (un(y)) — F(u(y))| dedy+
R2 JR2 |T

/ / — F(u(y)) [F(un(2)) = F(u(x))| ddy .
R2 JR? \90 y\

The last two integrals tend to 0, thanks to (4.2)), the continuity of the functional [ F(u)dz
on H' and the HLS inequality. In the case u = 0 the proof is similar.
For any u € H{, L, the Gateaux derivative of §2 at u € H{ L, is given by

Sy =2 [ [ log(1+ e~y P (@)o)f (ul)dedy

Since
ool <2 [ [ Pl ful) < Cullola < ool v

thanks to (2.2)) and HLS inequality, one has §5(u) € H‘;ngUO. The fact that §5(u,) — F5(u)
in H;lL?UO if u, — w in H{, LY, is similar to previous cases.
Clearly from § = §2 — &1 one has F € C! on H‘l/L?UO. O

5. THE VARIATIONAL FRAMEWORK

As we are going to see, the variational framework for problem is non-standard as we
will exploit the de Figuereido-Miyagaki—Ruf type condition (fs) to prove estimates of the
mountain pass level for the energy functional Iy,. Let us first establish the Mountain Pass
geometry in the next

Lemma 5.1. The energy functional Iy satisfies:
(1) there exist p, 09 > 0 such that Iy|s, > do > 0 for all

we S, = {ue HLLT, : Jullgvu = o)
(2) there exists e € Hi- Lk, with ||e]|lqvw, > p such that Iy (e) < 0.

Proof. To shorten the notation, we assume f(z,s) = f(s). From |ul|? < ||ul? if p

q,Vywo’
is small then the H' norm ||luy is also small. As a consequence of the logarithmic HLS

inequality,

Su) = L /R 2 [log S F@)} Fu)da

47 ||

< IFl [CIF@IL + || Fla)log Fluds ~ [F)lh log 170
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By ([2.3) and recalling estimates (|1.4)), since the Sobolev norm is small enough we have that
the L' norm of F'(u) can be bounded as follows

IF ()]l < € (lullz + l[ullg) < Cllull? -
Moreover, on one side

/RQ F(u)log F(u)dr < /RQ |F(u) log F(u)|dz < Cl/

R

1
2
< es|ull5, </ (eW - 1) dx) +Cz/ wtdz < olful?
R2 R2

for some 7 > 2 and o > 4. On the other side, since ¢ > 2 and ||[F(u)|j1 < C||ul},
I1F ()l Jog |7 (w) 11| < elllull}og [lullv| < [|ully

provided the Sobolev norm is small and in turn we obtain

S(w) < cllully

et iy + ¢ u?dx
2 RQ

and thus .
Iy (u) > §|lu|!2v —cllull{; = b0 >0
where §y depends only on p. This yields the first claim of the Lemma.

Let now e be a smooth function, compactly supported in a small ball, say By 4. Then

3(e) = % /R 2 [log |x1’ \ F(e)] Fle)dz

1 1
— i [ [ HF(e(w))F(e(y))dxdy

_ log?2 _ log?2 2
> Og / / Fle(a))Fe(y))dedy = —2 < F(e)dx)
R2 JR2 47'(' R2

since F(e(z))F(e(y)) # 0 only for |z|,|y| < 1/4, which implies | — y| < 1/2 and thus
|z —y|~! > 2. Similarly,

1 1 log 2 2
Iy(te) = L2 ell} ~ §(te) < Le2elfy — 2% ( /R 2F<te>dx) S —o0

since F' has exponential growth, as ¢ — 4o00. O

By the Ekeland Variational Principle [I§], there exists a Palais—Smale sequence (PS in the
sequel) {u,} C H{ L%, (R?) such that

I (up) = 0,  Iy(up) — my,
where the Mountain Pass level my can be characterized by

5.1 0 — inf I
(5.1) <my = irelrtgl[%}f] v(v(t))

where
D= {yeC!([0,1], HyLi,) = +(0) =0,Iv((1)) <0}
The next energy level estimate will be crucial in the sequel, in particular in proving com-

pactness, for which 1/2 turns out to be a substitute of the Sobolev level (1/N)S™/? in higher
dimensions.

Lemma 5.2. The mountain pass level my satisfies

1
™m —.
V=9
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Proof. 1t is enough to prove that there exists a function w € Hy, L&, with ||wl|qvw, =
such that

1
Iy (t -
max v(tw) < 5

Let us introduce the following Moser type functions with support in B,

( logn,  0<|z| <2,

1 1
Wy, = — M %SW‘SP,

V2T Viogn '

0, lz| > p,

),

P dr p/n 2 p/n e
< / + Vp/ lognrdr 4+ (2m)e " logn / log(1 +r) rdr
p/n T10gM 0 0

0 9 2_4 0 2/q
+ Vp/ 710g (p/7) rdr + (2m)e / log?(p/r) log(1 + r)rdr
p/n logn logn o/n

where p will be fixed later on. One has that

2/q
wnll? = Vw,|? + V(z)w?de + log(1 + |z|)|widx
1,q(w) B n n

P

2 logn - o/n 2/q
<1+ Vp?? + (2m)a " logn / log(1 4+ r)rdr
0

P 2/q
/ log?(p/r) rdr]

P 1og2 2 1 loe2/9(1
+V,,/ og”(p/r) rdr + (2m) 31108 +p)
P /n

/m logn logn

P 1og? 2 1 loe?/9(1
=1+Vp/ 1087 (0/1) | 4+ (2y 3110871+ )
)

o 2/q
log? d
/m logn logn /p og’(p/r)rdr

(1)
+o0 .
/n logn

The two integral terms in the previous expression can be estimated as follows. On the one
hand

r2 & . 1Y (F s
/logk‘(p/r)rdr =3 Z (log(p/r))k—j k(k—1) 2j(k j+1)

J=0

V, /p logQ(p/L) rdr = 7p2Vp +o !
r p/n logn 4logn logn )

On the other hand, since ¢ may be integer or not, a rough estimate reads as follows

as well as

p p 2(1!
ae a2 fal+1 (2 _ ol 4l
/p/nlog (B)yrdr < /p/n {log (£) +1log (T)} rdr S+ 1+ 5 + o(1)

so that eventually

1
1 < H@nuiq(w) < 1 +5n +o0 (logn) )

(52) 6, = 4{2; [Vp +(2m)  loga (1 +p)2[[3]]_!1 <1 + [q]2+ 1>] +o (1();”)
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Setting wy, = Wy, /1 + 0p, we get ||wy|q,vw, < 1. We claim that there exists n such that
1

5.3 max Iy (twy,) < —=.

(5.3 s Iy (twa) <

Let us argue by contradiction and suppose this is not the case, so that for all n let t, > 0
be such that

(5.4) max Iy (twy,) = Ly (thwy) >

l\.’)\)—l

Then t,, satisfies
d
*IV(twn)‘t:tn = O

dt
and
(5.5) 2>t 1%inmwmuwdmwmm
" 2 || ’
1 1
(5.6) >14+ — 10g — x F(thwy)| F(thwy)dx .
27 ||

Note that in we have an 1nequahty instead of the equality since we know ||w,, Hq Vo = b
whereas in the energy functional it appears the equivalent, though smaller norm |wy,|y.
Actually the two norms differ for a quantity which is O(1/logn).

From now on let us suppose p < 1/2. This will simplify a few estimates, since for any
(z,y) € supp wy, X supp w, we will have |z —y| > 1, and in turn log(1/|z —y|) > 0. Let us

now proceed in three steps:

Step 1. The following holds limsup,,_, o t2 > 1.

Let us assume by contradiction that limsup,, #2 < 1: this implies that, up to a subsequence,
there exists a positive constant &y such that t2 < 1 —§; for n large enough. Since p < %, for
any |z| < p, the set {y : |[x —y| > 1,|y| < p} is empty. Recalling that the functions w, are
compactly supported in B, we have

/R? {logl * F(t nwn)} F(tywy,)dx

||
1
:/ / log 7F(tnwn(x))F(tnwn(y))dxdy >0
B, Je—yi<t 1T =Yl

and thus a contradiction with (5.6]).

Step 2. The following holds lim inf, 4 o t% <1.
Let us suppose by contradiction that liminf, ,, t2 > 1. Hence, up to a subsequence, there
exists a constant dg > 0 such that

t2 > 146

as n — +oo. Let us estimate from below the right hand side of (5.5 (taking into account
the possible negative sign of the logarithmic function):

(5.7) Azhgl*ﬂnmﬂqumwwm

]

1
= / log fF(tnwn(x))tnwnf(tnwn(y))dxdy+
|z <2 ,|y|< 2 |z -y

log —— (tnwn(l'))tnwnf(tnwn(y))dxdy =L +1

v
R2xR2\{|2|<2,[yl<L} 1T =Yl
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Thanks to (f4) we have for any € > 0 (here we choose € = 3/2),

1 2 15} 2
(5.8) sf(s)F(s) > (B—¢)- 2 87 = 252 ™7 forall s> s, = 58 .
By the very definition of w, and since |x — y| < 2p/n < 1, we can estimate, for n large

enough, I as follows

n- |
B

1
tnwnf(tnwn)dy/ log F(tnwn) dx
r—=y

p/n Bp/n | |
Viogn L Viogn d
\/277 1+46y) V21 (1+ dy)

/ log L F tn& dx
B |z —y| 21 (1 + 6y,

p/mn
e 2(146,) L logn
2 d 1 d
= 7T62t%(1+6 110gn/B/ y/B Og

The last integral can be estimated as follows

/ dy/ log dx >/ dy/ log Q—da: =7 <£> logQ—
By/n By/n |x—y| By/n By 20| n p

As a consequence, we obtain
64(1}% (146,)"1—1)logn

n _th
log — > 13,4 t_2 4(1+5n —1)logn
t2(1+6,) tlogn ©8 2p ~ ™ Bt e

for any n > n(p, B). Note that since p < 1/2 we have

(5.9) I >m3p'p

I,>0.
Now, combining (5.5)), (5.7) and (5.9) yields
2
(5.10) £ > 73t gty ) lesn

which is a contradiction, either if ¢, — +oc or t, stays bounded with t% > 1+6g. The proof
of Step 2 is then completed. Observe that, as a consequence of Step 1 and Step 2

tfl—>1 as n — 400 .

Moreover, as a byproduct of ([5.10]), we also have for some C > 0,

64(1+5 1)10gn<c

that is

t C 1
5.11 <1 =140 .
(5.11) 1+0, — +logn * <logn>

Step 3. We are now in the condition of getting a contradiction and determine the quantity
V which appears in condition (f4). We have proved that t2 — 1. Moreover, we also know

that t2 > 1 by (5.6)), since p < 1/2. By (5.10), recalling definition (5.2) of 6,, we have

2 o
14o(1) >ty > 73 pt Bel(Trin ~Dloen > 13 1 g —4ayy logn

2., 2
> 7T3p4ﬁe_p2 (Vp+(27r)‘1 logd (14+p) [[‘ﬁ] <1+[ al+ ))+0(1)

where V, = max; <, V(x). Passing to the limit, we obtain

2_ 2
,p2(Vp+(27r)q 1logq(1+p) [q] (1+[]+1>).

(5.12) 1> mptBe
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Now set in assumption (fy)

2 ! +1
1 W(vl 2+(2m) " logh (14+[af) iy (1414 )
Vi= inf — |z e / ( : ) ,

a quantity which is actually a minimum, since the right hand function is continuous and
unbounded as |z| — 0 . Finally, fix p € (0,1/2] such that

2
q

2
1 02(V1/2+(27r)5_110g (14p) [ (1—}—[‘1]“))
8> —3p74e -

to get
2 2
o2 V,+(2 5_11 q 1+[‘1]+1 )
7T3p4ﬂep<p(7r) o5 (1))
which contradicts (5.12]). O

6. PROPERTIES OF PALAIS-SMALE SEQUENCES

In this Section we prove that the weak limit in Hy, L, (R?) of the PS sequence for Iy given
by the Ekeland Variational Principle, which we know from Section [5]is at the energy level
my < 1/2, is actually a weak nontrivial solution of . As we are going to see, the
presence of the sign changing factor log(|z|) makes the estimates rather delicate. We start
with the following Lemma in which we prove boundedness of PS sequences at any level
c<1/2.

Lemma 6.1. Assume that (V1)—~(V2) and (f1)~(f1) hold. Let {u,} C H L, be an arbitrary
PS sequence for Iy at level ¢, namely

1
Iy (up) » ¢ < 3 and Ii,(up) — 0 in H;lL?UO(]R2), as n — 400 .
Then, the sequence uy, is bounded in H'(R?) as well as

<C.

/ [log S « F(z, un)] F(z,u,)dx| < C, / [log S * F(x,un)] un f(x, uy)dz
R2 R2

|z |z

Proof. Let {u,} € H{-L%, (R?) be a PS sequence for Iy, namely as n — oo s,

1, ., 1
(6.1) §Hun||v - 47T/IR log <| ) F(z, un)} F(z,uy)dx — ¢
and
1 1
(6.2) Vuan + Vupvdr — = / [log <|x> * F(x, un)} vf(z,uy)dz
7r
—i - [log <|$’> * vf(m,un)] F(z,un)dx
= Vu, Vv + Vuyvde — ! log ! « F(z,un) | vf (2, up)de| < 7 ||v|| 179
R2 o || w

for all v € H,'L{,(R?), where 7, — 0 as n — +o0. Since H'(R?) — H;, 'L, (R?) and
H. L% (R?) — H(R?), we can take v = u,, in (6.2)), to obtain

(6.3)
lunll? — % /RZ [log (p:ly> ) F(a;,un)] n f (2, un)

< 7'n”unHH*lL?U < COpllunllv
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where we have also used the fact that || - ||y is an equivalent norm to the standard one in
H'(R?). Another suitable choice for test function is given by

F(x,up) _ c(x)F(up) _ F(up)
v, =4 F@un) e@)fun)  flun)

(1 —=90)uy if u, <0
where the quantity 0 is the one appearing in (1.5), F(s) < (1 — §)sf(s). Indeed, since
f(s) =0 if and only if s = 0, by (f2) we have that 0 < v, < Cu,, (actually, it is uniformly
bounded) so that v, is well defined and in L4(wodz). Furthermore,

2 n) F n ! n F n ! n

o=, Ll Ff ) g, (;_ Flg)f )
f?(un) f?(un)
Since the quantity (F/f)" is bounded by (f2), see also (|1.5]), we have
V|2 < C|Vu,|?

so that v, € Hi, L, (R?). Taking v = v, = I;((z:)) in (6.2) and recalling that f(s), F(s) =0

for any s < 0 yields

(6.4)
. 2 2 . F(“ﬂ)f(“fb)) F(z,up)
-9 /{un<o} [Vl /{un>0} Vsl <1 f2(un) ot R2 Viw)un fz,u,) da
—% - [log ‘; * F(m,un)} F(x,uy)

< TnHUnHH;ngIUO < Tollunllv -

Now recall ([6.1]), namely

oy {log <1> . F@,un)] F e, un)de = Jlun| — 2¢ +o(1) .

]

Only two cases may occur as n — 400 (we are not excluding that both the two cases may
appear for different subsequence of w,,):

o Jro {log (ﬁ) « F(x, un)] F(z,u,)dx < 0: in this case we have, directly,
unl|# < 2¢+o0(1) < 3¢
and ¢ > 0;
o [ro [log (ﬁ) * F(x, un)] F(z,uy) > 0. In this case, combining and yields

un|? u% dr — 2c¢ — Unl? - | dx
/R? (‘v ‘ v ) 2ot 0(1) /{un>0} |v | (1 f2(un)

- (11— up|?dz — z)u F(un)
-9 /{ungo}‘v nld R2 V(@) " f(un)

Since, as a consequence of (f2), F(x,s) < (1—46)sf(x,s) (see also (1.5))) we have, as n — oo

dz < 7pl|un v

5/ Va2 + Vi2dz < 7 llunlly + 2+ o1) -
R2

In conclusion we have proved that
[unly <C.

As a consequence, from (6.1]) and (6.3)), we also have

/R2 [log|x1| * F(m,un)] F(z,up)dzx /]RZ [log 1 * F(:L"un):| Un f(, up)da

S 07 ‘fL’|

<,
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that is our thesis.
O

Remark 6.2. Let us note that, as a consequence of the previous Lemma gwen any
PS sequence at level ¢ there is always another positive PS sequence at the same level.
Indeed, since un is bounded in H{ Li, (R?) as proved above, we can test I, (uy,) against

u,, = max (—uy, 0) obtaining (see (6.2)))

/ \Vun|? + V|, |2dz| < 7,,C
{un<0}

Hence, the sequence {u;’ } is positive, and it is again a PS sequence at the same level ¢ (since

F(s)=0 fors<0).

From now on we will consider only positive PS sequence, even if not specified.

Differently from standard contexts in which having proved boundedness of a PS sequence
brings the conclusion at hand, here it does not allow to employ standard arguments to prove
the weak limit is actually a nontrivial solution to the equation. Indeed, the presence of the
exponential nonlinearity together with the sign-changing behavior of the logarithmic kernel,
prevents the application of standard estimates. Here comes into play the key estimate for
the mountain pass level my < 1/2 established in Lemma

Lemma 6.3. Assume (Vi) — (Va) and (f1) — (f1). Let {un} C H{ L%, be a (positive) PS
sequence for Iy at level ¢ < 1/2. Then, for any 1 < a < i the following uniform bound
holds

sup/ [F(z,un)]* < 00
neN JR2

Proof. Without loss of generality, we consider f(z,s) = f(s). By Lemma [6.]] m 1| the sequence
{u,} is bounded in H'(R?) and we may assume u,, — u in H'(R?), u,, — u in L (R?) for
any 1 < s < oo and u,, — v a.e. in R?, with

2
i} = 42 > ul?

As in the proof of Lemma we will carefully select a suitable test function v,. Let us
introduce the following auxiliary function

Gt):/ths

which is well defined and C' thanks to (f2). Moreover, by Holder’s inequality we have
F / t Ff — 2
(6.5) G(t) /ds f S—t[/ <ff2f+1)ds]:
0 0

[k

Define
vp = G(uy) ,
then
/ |V, |?dx = / |Vun|2 rr (up)dzx < C, / Volder = VG (up)dz < C
R2 R2
as U, is bounded in H! and applymg again (f). We aim at proving that

IVon 3 + [V V (2)val3 < 1

as n is large enough. First, note that as n — 400, one has

0 g/ VG2 (uy)dx g/ Vulde < C .
R2 R2
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In order to estimate the norm ||v,||# recall (6.1]) and (6.4). From |juy,||? — A% > |ul/?, we

have
lim - log (=) +F F(up)de = A* =2
m o - og Tl x F(up)| F(up)dx = c

and
’/w |Vt |2 <1 - F(“”)f/(“”)> dot | V (@)un 20 g,

1 1
. [logm| * F(un)] F(up)dz| — 0
so that
|2 . F(un)f,(un) " 2 F(up) " c
Jo v (1= Sy e [ Ve e 2

—/ |Vun|2dx—/ Vuldr = o(1)
R2 R2

and in turn

2 — u 2 X X 2 u X
66) oy = [ 96 Pdr+ [ V)G

= 2c x uF(un)—u2 2(u x+o0 c+o
=2 +/R2V()(nf(un) n+G(n))d+(1)§2+(1)<1

by , as n is large enough.

Once we have estimated the norm of vy, let us take advantage of this to improve the ex-
ponential integrability of the original sequence u,. By (f3), for any € > 0 there exists a
constant t. > 0 such that

VE®) ()
f(t)

Next by (f2) we also have either u,(x) < t. or u,(x) > t. which implies

1—e< <1l+e forall t>t..

6.7) v > /Ote sdt + /tu”u —dt > bt + (1= un —t) > (1 — )(un — £)

and thus
v
un§t€+17n, for any z € R? |
—€

Hence (hereafter C. may change from line to line)

(6.8) /]R [P ()" dr = /u W) de ¢ /u )"

< C. [ufl]ada:—F/ {F <t6+ Un )] dx
Un <te Un >te 1 —€

) , o, a(p—-1) dra(tot2ny?
< C. up,dr + C te + e -/ dx
Un <te Un >te 1 —€

on )2
< CEH“?’LH% + C. e4ﬂa(1+€)(t6+176) dx
Un >te

where, in the last line, we use the following inequality: for any T" > 0 and for any € > 0 there
exists C' = Cr, such that Pl < C’T’ee‘l’r“z for any s > T (with T = t. already fixed as well
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as C' = C). Moreover, for any € > 0 there exists C, such that (¢ +s)? < Cct? + (1 +¢)s? for

any s,t > 0. Then
v 2 v 2
") <Cti4(1 n :
_€> _Ce€+( +€) 1—e

(6.9) < c

As byproduct of (6.7)), if u, > t. then v, > 0t.. Combining this with and we
obtain

2
o € 2_Yn
/ (F(un )]z < C.jun2 + C. GAmale)? iy
RQ

Up >te

2
dra(l+e)? —n

< Clllunl2 + C. / A9 1dx .

Let us now fix 0 < € < 1 and set
1 1 2

n:=——a>0, ea::02772:02 ——a| <-.

2c 4

With these choices we obtain

<1+€o¢> vn

/ Flu)*dz < Collun |3 + Ca / el e
R2 R2

By (6.6), |[vnll? < 2c+o0(1) as n is large enough, so that

a3 < 2¢+4c®n,  asn — +oo .

Hence,
(1+€a)” 1 (1+¢*n?)? (14 *n?)? 2,2
0‘(176)2” TL||V<2C %_7] (170277) (1+277) (1702772)2(1_4077)<1

since the last inequality is equivalent to
(1+E?)21 —4?) = A+ Mt 12201 — 4”p?) < (1 = A2 =1+ ¢t — 26597 .

In conclusion we have

2
[ F@rds < Callwnl+ o [ T aae <,
RQ

by the Ruf inequality (2.4} . and Remark . U

Proposition 6.4. Assume that conditions (V1)—(Va) and (f1)—(f1) are satisfied. Let {u,} C
H, LY, be a (poisitive) PS sequence for Iy at level ¢ < 1/2, weakly converging to u in H'.
If u#0, then u € H‘l/LZj0 and u, — u weakly in H‘l/LZ,O. Furthermore, as n — 0o

(6.10)  [log x| * F(w,un)] f(z,un) — [logla| * F(z,u)] f(z,u) in Lj,(R?)
and u is a weak solution to (1.3)).
Proof. Fix a € (1,1/2¢) so that by (6.1]) we have

lunl? + /R 2 /R og (14 |z — ) F(un(2))F i (v) iy =
1
:c—l—/R2 /R log <1+ - ‘>F(un(:p))F(un(y))de‘dy+0(1)

§c—|—1+Ca/ /
R2 |z —

<ctl4Ca {/R [F(un)]o‘dx}Z +Cy { 5 F(un)d:v}Q

F(un () F(un(y))dady

\4a
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by Proposition since % +4e=L % = 2. Hence, by Lemma

/ / log (1+ & — y1) F(tn () F (un (y))dady < Co
R2 JR2

as n — 400, and thus also [po g2 log (14 & — y|) ui (2)ui (y)dedy is bounded. Since u # 0,
by Lemma 2.1 in [I5] we have

/ log(1 + |z]?)ul(x)dx < C  asn — 400
R2

so that ||un||gv w, 18 bounded. Up to a subsequence we have u, — u in H{.LY,. Moreover,

recall that as n — +o0,

1 1
(6.11) / log — * F(uy)| vf(up)dx = VuVo+V(z)uvdr+o(1), ve H, LY,
2w R2 |..'L“ R2 0

in particular for any ¢ € C2°(R?). In order to prove that u is a weak solution of (1.3, let
us suppose for the moment the following

Claim:
/.

of which we postpone the proof. Now we apply Lemma 2.1 in [19] to the sequence of functions

9y, un(y)) = (mgl ; F(un>) () Flun(y)).

||

1
log B « F(up)

flup)upde < C

restricted to any compact domain §2: they are L' functions since u,,u € H %,L?UO and, thanks
to the claim, u,(y)g(y, un(y)) is uniformly bounded in L'. Therefore, from [19] we have

<log|xl| *F(un)> Flun)dz — (mg'i *F(u)) f(wdz in L. (R?)

as well as

/R2 {log % * F (un)] fun)pdz — /R ) [log Ly F(u)] Fu)pda

] ]

for any ¢ € C°(R?), which is a dense subset of H;,'L{,,. This together with implies
that u is a weak solution of .

Proof of the Claim.

The key ingredient is the uniform bound provided by Lemma In order to simplify the
notation, let us set

1
wn(y) = <10g i (un)> (v)
By
/R2 Wy f (tup ) updr = A% + o(1)

where A = limy, o0 [[unl|v > [Jully so that

/ W f (up)updz >0
RQ

for n large enough (note that we are assuming u # 0, that is, A% > 0). Hence,

0< /R W f (up)upde = / , Wy f (un ) undr + / Wy f (un ) upde
2 Wy >

wn <0
which implies

/ w,, f(up)updx </ wt f (up)updr
R2

RQ
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and thus
/ Wi | f (un)updz < 2 / w f (up ) unda .
R2

R2
Now, we have

[ s = [ sty | s +

- / £ (1 () i () ly / log(1 + | — ) F (un())dz
yrwn >0 R2

1
= /R? /Rg log(1 + H)F(“n(x))f(un(y))un(y)dxdy .

Therefore, for any p > 0, small, there exists a constant 6, € (0, 1) sufficiently small such
that

/ Wt f (i Ytindas < / dy / log(1 + 6 ) F (u(2)) f (tn(9) Jun (y)da-+
R2 R2 |z—y|>d,
1
+2 /R dy /lwm g F ) () )
<Cy [ Flun)ds [ (u)ua)dy
1
+ /R 2 / o ) £ ) 0 )y

The first integral in the last expression is uniformly bounded, as one can see by Lemma [6.3
and Holder’s inequality, recalling that ||u,||y is also uniformly bounded. Concerning the
second term, by the HLS inequality if 2/s + /2 = 1, one has

L i P ) unw)dody < ol wn) ] aninll
r2 Jr2 |7 — Y|

Since A
§=———=1 as p—0
4—p
we can choose p small enough to apply again Lemma [6.3] and Holder’s inequality, to obtain
that ||F(uy)]|s]|f(un)un||s stays bounded. Finally, [ w;' f(un)uy is bounded and the same

holds for [ |wy|f(un)un, that is our claim. O

7. PROOF OF THEOREM [1.2]

We are now ready to prove Theorem From Lemma [5.1] the functional Iy satisfies the
Mountain Pass geometry. Hence, there exists a (positive) (PS) sequence {u,} C Hy, L, (R?)
at level my and by Lemma {uy} is bounded in H' and it weakly converges to some
u € H'. We have that either {u,} is vanishing, that is for any r > 0

lim sup/ ulde =0
oo yer2 B,y

or there exist r,6 > 0 and a sequence {y,} C Z? such that

lim uldx > 6.
n—oo Br(yn)

If {u,} is vanishing, by Lions’ concentration-compactness result we have
(7.1) U, =0 in L*(R?) Vs> 2,
as n — oo. In this case it is standard to show that

1 (@, un) |y, lun f (2, un) |l = O
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for some values of v > 1 and close to 1, thanks to the improved exponential integrability
given by Lemma and the growth assumption F(z,t) < tf(x,t). Hence, applying the
HLS inequality we deduce, similarly to the conclusion of the proof of Proposition [6.4}

(7.2) /R 2 /R log (1 + 1) Pz, un (@) F(y, tn(y))dady — 0

|z — |

(7.3) /R 2 /R log (1 + M) P, (@) () (4, 1 (1)) Ay — 0

as n — oo. Combining (7.2))—(7.3]) with (6.1]) and (6.11) yields
1
o [, [ 108 0 b = o) P ) ) = (00 00 (9)) ey = 2+ o(1)

so that m, < 0, which is not possible. Therefore the vanishing case does not occur.

Now set vy, := up(- — yy), then
(7.4) / vide >4 .
r(0)

By the periodicity assumption, Iy and I{, are both invariant by the Z2-action, so that {v,}
is still a PS sequence at level my. Then v, — v in H'(R?) with v # 0 by using (7.4), since
v, — v in L _(R?). We conclude by Proposition that v € HJ, L, is a nontrivial critical

loc

point of Iy and Iy (v) = my, which completes the proof of Theorem
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