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Abstract

We consider systems of interacting Generalized Friedman’s Urns (GFUs) having
irreducible mean replacement matrices. The interaction is modeled through the
probability to sample the colors from each urn, that is defined as convex combi-
nation of the urn proportions in the system. From the weights of these combina-
tions we individuate subsystems of urns evolving with different behaviors. We
provide a complete description of the asymptotic properties of urn proportions
in each subsystem by establishing limiting proportions, convergence rates and
Central Limit Theorems. The main proofs are based on a detailed eigenanalysis
and stochastic approximation techniques.
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1. Introduction

The stochastic evolution of systems composed by elements which interact
among each other has always been of great interest in several areas of applica-
tion, e.g. in medicine a tumor growth is the evolution of a system of interacting
cells ‘j], in socio-economics and life sciences a collective phenomenon reflects

the result of the interactions among the individuals B], in physics the con-

centration of certain molecules within cells varies over time due to interactions
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between different cells B] In the last decade several models have been pro-
posed in which the elements of the system are represented by urns containing
balls of different colors, in which the urn proportions reflect the status of the el-
ements, and the evolution of the system is established by studying the dynamics
at discrete times of this collection of dependent urn processes. The main reason
of this popularity is concerned with the urn dynamics, which is (i) suitable to
describe random phenomena in different scientific fields (see e.g. Ej]), (ii) fex-
ible to cover a wide range of possible asymptotic behaviors, (iii) intuitive and
easy to be implemented in several fields of application.

The dynamics of a single urn typically consists in a sequential repetition of a
sampling phase, when a ball is sampled from the urn, and a replacement phase,
when a certain quantity of balls is replaced in the urn. The basic model is the
Pélya’s urn proposed in ]: from an urn containing balls of two colors, balls
are sequentially sampled and then replaced in the urn with a new ball of the
same color. This updating scheme is then iterated generating a sequence of urn
proportions whose almost sure limit is random and Beta distributed. Starting
from this simple model, several interesting variations have been suggested by
considering different distributions in the sampling phase, e.g. , IE], or in the
replacement phase, e.g. B, IE, Iﬂ] In a general K-colors urn model, the color
sampled at time n is usually represented by a vector X,, such that X;, =1
when the sampled color is ¢ € {1,...,K}, X;, = 0 otherwise; the quantities
of balls replaced in the urn at time n are typically defined by a matrix D,
such that Dy, , indicates the number of balls of color k replaced in the urn
when the color i is sampled. Considering {D,;n > 1} as an i.i.d. sequence, a
crucial element to characterize the asymptotic behavior of the urn is the mean
replacement matrix H := E[D,], typically called generating matriz.

The class of urn models considered in this paper is commonly denoted by
Generalized Friedman’s Urn (GFU). The GFU model was introduced in ] and
its extensions and their asymptotic behavior have been studied in several works,
see e.g. u, B, B, IQ] The GFU considered in this paper is characterized by a

non-negative irreducible generating matrix H with average constant balance,
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i.e. the columns of H sum up at the same constant, Zszl Hi; = ¢ > 0 for
any ¢ € {1,..., K}, which implies that its maximum eigenvalues Apax(H) = ¢
has multiplicity one. The irreducibility of H distinguishes the GFU from the
Randomly Reinforced Urn (RRU) model, which includes the classical Polya’s
Urn, whose replacement matrix is diagonal: when the color ¢ is sampled, the
GFU replaces in the urn more colors following the distribution of the i** column
of D,, while the RRU only adds balls of colors 7; hence, the probability to
sample color 7 at next step is reinforced in the RRU, while it may increase or
decrease according to the current urn composition in the GFU. The asymptotic
behavior is in general very different: in a GFU the urn proportion converges
to a deterministic equilibrium identified by H (see e.g. |4, I3, @, 1), while in a
RRU the limit is random and its distribution depends on the initial composition
(see e.g. ﬂ, H, ])

The model proposed in this paper is a collection of N > 1 GFUs that interact
among each other during the sampling phase: the probability to sample a color
1 from an urn j is a convex combination of the urn proportions of the entire
system. Hence, a crucial role to describe the system dynamics is played by
the interacting matric W made by the weights of those combinations. Since
the asymptotic properties of the single GFUs are typically determined by the
corresponding generating matrices {H7;1 < j < N} and since the interaction
among them is ruled by W, the system dynamics has been studied by defining
a new object Q that merges the information contained in {H7;1 < j < N} and
W. From the analysis of the eigen-structure of Q, we are able to establish the
convergence and the second-order asymptotic behavior of the urn proportions
in the entire system. Hence, this paper extends the theory on GFU models in
the sense that, in the special case of no interaction, i.e. W = I, the results
presented for the system reduce to the well-known results for a single GFU.

Several interacting urn models have been proposed in the last decade, espe-
cially for RRU models. An early work is represented by B] that considered a
collection of two-colors RRU in which the replacements depend on the colors

sampled in the rest of the system and hence the sequence {D,;n > 1} is not
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i.i.d. Consequently, the interaction in ] is modeled through the definition of
D,,, instead of X, as in our model. A completly different updating rule has been
used in the two-color urn model proposed in |26], in which sampling color 1 in
the urn j increases the composition of color 1 in the urn j, while sampling color
2 increases the composition of color 2 in the neighbor urns ¢ # j and the urn
j comes back to the initial composition. Asymptotic properties for this system
have been obtained in @] where there is no convergence of the urn proportions.
Other models in which the interaction enters in the replacement matrices are
for instance ﬂg, Iﬂ, |£|]

Recently there have been more works concerning urn systems in which the
interaction is modeled through the sampling probabilities as in our model. They
differ from this paper since all of them consider RRUs and the interaction is
only modeled as mean-field interaction tuned by a parameter « € (0,1), i.e. the
urns interact among each other only through the average composition in the
entire system. As a consequence, their asymptotic results lead to the synchro-
nization property in which all the urn proportions of the system converge to
the same random limit. In particular, in [24, [25] the asymptotic behavior of the
urn system has been studied for a model that defines the sampling probabilities
through the exponential of the urn compositions. In B, | the sampling prob-
abilities are defined directly using the urn compositions and, in addition, the
synchronization property has been proved; moreover, different convergence rates
and second-order asymptotic distributions for the urn proportion have been es-
tablished for different values of the tuning parameter a. Since we consider GFU
models the asymptotic results established in this paper are totally different from
those proved in , ], e.g. our limiting proportions are not random and they
do not depend on the initial compositions.

It is also significant to highlight that this work allows a general structure
for the urn interaction, which reduces to the mean-field interaction only for a
particular choice of the interacting matrix W. Moreover, from the analysis of
the structure of W we are able to individuate subsystems of urns evolving with

different behaviors (see Subsection24): (i) the leading systems, whose dynamics
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are independent of the rest of the system and (ii) the following systems, whose
dynamics “follow” the evolution of other urns of the system; in the special case
of irreducible interacting matrix, which includes the mean-field interaction con-
sidered in B, IE], there is a unique leading system and no following systems.
These two classes of systems have been studied separately (leaders in Section [
and followers in Section (), in order to provide an exhaustive description of the
asymptotic behavior in any part of the system. In fact, since different systems
may converge at different rates, a unique central limit theorem would not be
able to characterize the convergence of any urn proportion. Hence, through a
careful analysis on the eigen-structure of Q realized in Subsection (2] we indi-
viduate the components of the urn processes in the system that actually “lead”
or influence the following systems, so that we can establish the right convergence
rate and a non-degenerate asymptotic distribution for any subsystem.

A pivotal technique in the proofs consists in revisiting the dynamics of the
urn proportions of the system in the stochastic approximation (SA) framework,
as suggested for the composition of a single GFU in [23]. To this end, the dy-
namics of the urn compositions of the same subsystems have been reformulated
into a recursive stochastic algorithm (see Section[3)). Then, the dynamics of the
urn proportions have been properly modified to embed the processes of the urn

proportions into the whole suitable space R¥ (see Subsection 1] and [B.)).

The main results of the paper starts at Section[d The first part of the paper
is a necessary formulation of the problem in its general form, together with
all the assumptions and notations that may appear tough at a first reading.
We provide a guiding Example B.I] that is recovered in the Example 1] and
Example 5.1l to help the reader to appreciate the main results, although not in
all their depth.

More precisely, the structure of the paper is the following. In Section [2] we
present model and main assumptions concerning the interacting GFU system.
Specifically, in Subsection 2Tl we describe how the composition of the colors in

each urn of the system evolves at any time n > 1. Then, in Subsection the
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main assumptions required to establish the results of the paper are presented.
Subsection contains a preliminary result. Subsection 4] is dedicated to
analyze the structure of the interacting matrix and hence to define the leading
and the following subsystems that compose the entire system.

Section [ is concerned with the dynamics of the interacting GFU system
expressed in the stochastic approximation framework. In particular, in Subsec-
tion [3:J] we introduce the notation that combines the composition of the urns in
the same subsystem. Then, in Subsection the dynamics of the urn propor-
tions in any subsystem is reformulated into a recursive stochastic algorithm.

Section ] and Section [ contain the main results of the paper. In particular,
Section M is concerned with the asymptotic behavior of the leading systems:
the convergence of the urn proportions is established in Subsection and the
corresponding CLT is presented in Subsection L3l Then, Section [Hlis focused on
the asymptotic behavior of the following systems: in Subsection we present
the result on the convergence of the urn proportions, while in Subsection (5.4 we
establish the relative CLT.

Section [0 contains a brief discussion on further possible extensions of the
interacting GFU model. The proofs of all the results presented in the paper are
contained in Section[7l Finally, in Appendix we report basic results of stochastic

approximation that have been used in the main proofs.

2. Model Setting and main Assumptions

Consider a collection of N > 1 urns containing balls of K > 1 different colors.
At any time n > 0 and for any urn j € {1,...,N}, let ij,n > 0 be the real
number denoting the amount balls of color k € {1,..., K}, let TJ := Zszl ij,n
be the total number of balls and let Z,in = ij,n /T be the proportion of color
k.

2.1. Model

We now describe precisely how the system evolves at any time n > 1. Denote

by Fn—1 the o-algebra generated by the urn compositions of the entire system
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up to time (n — 1), i.e.
Foo1 = a(X,g't,Y,jt, 1<j<N, 1<k<K, 1§t§n—1).

The dynamics of the system is described by two main phases: sampling and

replacement.

Sampling phase: for each urn j € {1,..., N}, a ball is virtually sampled and
its color is represented as follows: X Zj , = 1 indicates that the sampled ball is of
color 1, Xf » = 0 otherwise. We denote by ZZJ n—1 the probability to sample a
ball of color 7 in the urn j at time n, i.e.

Z!

i,n—1 """

E| X/, | Fa ]

Given the sampling probabilities {Z7 1 <j < N,1<i< K}, the colors

in—1
are sampled independently in all the urns of the system and hence, for any
ie{l,...,K}, Xi{n, e Xﬁl are independent conditionally on F,,_;. We define
the sampling probabilities as convex combinations of the urn proportions of
the system. Formally, for any urn j € {1,...,N} we introduce the weights
{wjp;1 < h < N} such that 0 < wj, < 1 and Zthl w;n, = 1. Thus, the

probability to sample the color ¢ in the urn j is defined as follows

N
Zg,nq = Zwﬂlzi}?n—l' (1)
h=1

Replacement phase: after that a ball of color 7 has been sampled from the

urn j, we replace Dizn balls of color k € {1,..., K} in the urn j. For any urn j
we assume that {DJ;n > 1} is a sequence of i.i.d. non-negative random matri-

Jjo.— DI
ces, where Dj, = [Dy,

Jki- We will refer to DY as replacement matriz and to
H7 := E[DJ] as generating matriz. Notice that H’ are time-independent since
{Di;n > 1} are identically distributed (see Subsection[[for possible extensions).
Moreover, we assume that at any time n the replacement matrix for the urn j,

i.e. DJ isindependent of the sampled colors, i.e. {Xin; 1<j<N,1<i<K},
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and independent of the replacement matrices of the other urns of the system,

i.e. DI with jo # j.

In conclusion, the composition of the color k € {1,...,K} in the urn j €
{1,..., N} evolves at time n > 1 as follows:
Yk],n = Yk],n—l + ZDiz,an],n (2)
i=1

2.2. Main Assumptions

We now present the main conditions required to establish the results of the
paper. The first assumption is concerned with bounds for the moments of the

replacement distributions. Specifically, we require the following condition:

(A1) there exists § > 0 and a constant 0 < Cs < oo such that, for any j €
{1,...,N} and any k,i € {1,...,K}, E[(D}, )**] < C;.

ki,n

Note that Cs does not depend on n since {D?;n > 1} are identically distributed.
The second assumption is the average constant balance of the urns in the
system and it is imposed by the following condition on the generating matrices

H! HN.

gy

(A2) forany j € {1,...,N} andi € {1,..., K}, there exists a constant 0 < ¢/ <
oo such that Y1 HI, = ¢,

Note that (A2) guarantees that the average number of balls replaced in any urn
is constant, regardless its composition. Assumption (A2) is essential to obtain
the asymptotic configuration of the system, i.e. the limiting urn proportions.
The second-order asymptotic properties of the interacting urn system, namely
the rate of convergence and the limiting distributions, are obtained by assuming

a stricter assumption than (A2). This condition is expressed as follows:

ki,n

(A2) for any j € {1,..,N}, i€ {1,.. K}, P ( SK DI = ) =1, iec.

each urn is updated with a constant total amount of balls.
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Naturally, (A’2) implies (A1) with Cs = (max;{c/})2+2.
Notice that, by defining ?kjn = (cj)_lijm and ﬁizn = (cj)_lDii’n for all

n > 1, the urn dynamics in (2] can be expressed in the following equivalent

form:
K ?j Yj
Vi o _ § nJ J 7 _ kn—1 _ kn—1 _ 7]
Yk,n - Yk,n—1+ Dki,n'Xi,n7 Zk,n—l - K }’;j - K Yj - Zk,n—l'
i=1 Zk:l k,n—1 Zk:l k,n—1
Therefore, from now on we will denote by Y/ and D, = the normalized quan-

tities }Afkj ,, and ﬁ{mn and hence (A2) and (A’2) are replaced by the following

conditions:

(A2) for any j € {1,..,N}andie {1,....K}, Y p, H, = 1.

w0 (A’2) for any j € {1,...,N} andie{l,...,K},P(Zszle - 1):1.

205

210

ki,n

In this case, (A’2) implies (A1) with Cs = 1.
Finally, we consider Generalized Friedman’s Urns (GFUs) with irreducible

generating matrices, as expressed in the following condition:
(A3) for any j € {1,...,N}, H’ is irreducible.

This assumption will guarantee deterministic asymptotic configurations for the

urn proportions in the system.

Remark 2.1. Extensions to non-homogeneous generating matrices { H,;n > 0}
are possible, as discussed in Section[@ In that case, assumption (A2) should be

referred to the limiting matriz H’ = a.s. — lim, o HJ.

2.8. A preliminary result

The assumptions (A2) and (A’2) on the constant balance are essential to

obtain the following result on the total number of balls in the urns of the system:

Theorem 2.1. Let T) = Zszl ijn be the total number of balls contained in
the wrn j at time n. Then, under assumptions (A1) and (A2), {T? —n;n > 1}

is an L? martingale and, for any o < 1/2,

T] a.s. 2
ne® (-n ) I, (3)
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Moreover, under assumption (A’2), T? = Tg +n a.s. and hence @) holds for

any a < 1.

2.4. The interacting matrix

The interaction among the urns of the system is modeled through the sam-

pling probabilities Z J

i1 that are defined in () as convex combinations of the

urn proportions of the system. Formally, we denote by W the N x N matrix
composed by the weights {w;n, 1 < j,h < N} of such linear combinations and we
refer to it as interacting matriz. We now consider a particular decomposition
of W that individuates subsystems of urns evolving with different behaviors.
The same decomposition is typically applied to the transition matrices in the
context of discrete time-homogeneous Markov chains (see [28]) to characterize
the state space. For this reason, we first present the decomposition of W in this
framework, and then we identify the subsystems of urns as the communicating

classes of the state space.

Consider a discrete time-homogeneous Markov chain with state space {1, ..., N}

and transition matrix W, i.e. the element w;; now represents the probability
of a Markov chain to move from state j to state h in one step. It is well-
known (see [28]) that the communication relationship (i ~ j if there exist
m,n > 0 such that [W™];; > 0 and [W"];; > 0) induces a partition of the
state space into communicating classes (some of them are necessarily closed and
recurrent, with possibly some transient classes). The maximum eigenvalue is
A =1 and its multiplicity reflects the number of recurrent classes. Accordingly,
let us denote by L the set of labels that identify the communicating classes,
nz > 1 the multiplicity of A\pax(W) = 1, and define the integers nyp > 0 and

1<rlr <« <l <Pt <« < pFre = N guch that W can be decomposed

10



as follows (see @, Example 1.2.2] for the analogous upper triangular case):

W wk 0
- \wrL wF
wki o0 ... 0
L ._ o wk2 . . (4)
Wt .= O W
0 0 ..whtre
F
Fi L Fp, L N 0 0
wrL i (R ) s (e wh g )
WF"FLl WFnFL"L WF"FFl WF7LFF2 WF"F
where:

(1) forany ! € £, Wlis an s! x s! irreducible matrix, where we let s' := 7! —7!"

and [~ indicates the element in £ that precedes ! (by convention L; =0

230 and Fy = Ly, );

(2) L:=L,ULp, L :={L',... L™} and Lp := {F', ..., F""} are sets of
labels that identify, respectively, recurrent and transient communicating

classes in the state space (Lp = 0 when np = 0);

(3) for any Iy € L, there is at least an Iy € £, I; # lo, such that Wt #£ 0;
235 hence, Apax (W) = 1if I € L and Apax (W) < 1if I € Lp.

Naturally, when ng = 0 the elements in W% and W do not exist and we

consider r“»z = N. This occurs when all the classes are closed and recurrent and

hence the state space can be partitioned into irreducible and disjoint subspaces.

In the case of W irreducible, there is only one closed and recurrent class and
20 hence ny =1 and r! = N.

In the framework of urn systems, W indicates the interacting matrix and
hence the element wj;, represents how the color sampled from the urn j is in-
fluenced by the composition of the urn h. Hence, the probability of the Markov
process to move from j to h in the state space can be interpreted as the influ-

2s ence that h has on j in the urn system. As a consequence, recurrent classes
may be seen as subsystems of urns which are not influenced by the rest of the
system; analogously, transient classes may represent subsystems of urns which
are influenced by other urns of the system. Hence, from an interacting matrix

W expressed as in [{l), we can decompose the urn system in:

11
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(i) leading systems {S',l € Lp}, S' := {rl +1 < j < 7!}, that evolve

independently with respect to the rest of the system:;

(ii) if np > 0, following systems {S',l € Lp}, S' == {#r' +1 < j <
7'}, that evolve depending on the proportions of the urns in the leaders

SLi, ..., 8L and their upper followers S, ..., St .

As we will see in the following sections, the asymptotic behaviors of the leading
systems and the following systems are quite different. For completeness of the
paper, we will present the results for both the types of systems, assuming that

Remark 2.2. Eztensions to random and time-dependent interacting matrices
{Whp;n > 0} are possible, as discussed in Section[f. In that case, the structure

presented in [@l) is concerned with the limiting matrizc W := a.s. — limy, 00 W,

3. The interacting urn system in the stochastic approximation frame-

work

A crucial technique to characterize the asymptotic behavior of the interacting
urn system consists in revisiting its dynamics into the stochastic approximation
(SA) framework. A similar approach has been adopted in [23] to establish the
asymptotic behavior of a single urn. However, since here we deal with systems of
urns, we need to extend the dynamics (2)) to jointly study the urns that interact
among each other. To this end, we first introduce in Subsection Bl a compact
notation that combines the composition of the urns in the same subsystem
S'. 1 € L. Then, in Subsection we embed each subsystem dynamics into
the classical SA form: given a filtered probability space (€2, A, (Fn)n>0,P), we

consider the following recursive procedure
1 1

where f : R — R? is a locally Lipschitz continuous function, 6, an F,-

measurable finite random vector and, for every n > 1, AM, is an F,_1-

12
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martingale increment and R,, is an F,-adapted remainder term. In our frame-
work, the process 6,, satisfying (B will represent the proportions of the colors
of the urns in the same subsystem. In the next sections we apply the “ODE”
and the “SDE” methods for SA reported in Theorem [A-T] and in Theorem
(see Appendix), that establish first and second-order asymptotic results for 6,,.
Specifically, Theorem [A 1] states that, under suitable hypotheses on AM,, and
R, the set © of the limiting values of 6,, as n — 400 is a.s. a compact con-
nected set, stable by the flow of ODE; = 6= —f(6); moreover, if 8* € O is
a uniformly stable equilibrium on ©% of ODE}y, then 0, L% ¢*. In addition,
under further assumptions on AM,, and R,,, Theorem [A.2] establishes the CLT
for 6,, in which the convergence rate and the asymptotic distribution depend on
the eigen-structure of the Jacobian matrix of f(6) evaluated at the equilibrium

point 6*.

3.1. Notation

The quantities related to the wrn j € {1,...,N} at time n are random

variables denoted by:

(1) Y = (Y1, Y ,) €RE,
(2) Z) = (21, an)’ € SK, where S¥ indicates the K-simplex,

(3) rjz - (Zi,na ER) Z;{,n)/ € SKa
(4) XJ=(X{,....Xk,) €SKn{0,1},

while the corresponding terms of the system S', [ € L, given by the s’ urns

labeled by {r!" +1,...,7!}, are denoted by:
(1) YL = (v + Yy e RYK,

(2) Zt = (Z,’;r“7 - Zfll)’ € 8*'K where 8 ¥ indicates the Cartesian prod-

. [ 1
uct of s! K-simpleces where Z7 *1 ... Z" are defined,

(3) Z = (Zr' +1,.. . 7"y e VK,

n

13
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(4) XL = (xr" . X7y e SYEN{0,1}K,

(5) T = (T +'g,... T 1g) € Rj:K, where 1k indicates the K-vector

of all ones.

The replacement matrix for the system S! is defined by a non-negative block
diagonal matrix D! of dimensions s'K x s'K, where the s' blocks are the re-
placement matrices of the urns {r' + 1,...,7} in S, ie. DZ;FH, .. .,DZ;Z.
Analogously, the generating matrix for S! is defined by a block diagonal matrix
H' of the same dimensions, where the s’ blocks are H’“F‘H, e H,’L'l. The in-
teraction within the system S! is modeled by the s'K x s!K matrix W' with
values in [0, 1] defined as follows: starting from W' in (@), each weight wj is
replaced by the corresponding diagonal matrix w;; g, where here I indicates
the K x K-identity matrix. Analogously, the interaction between a following
system S, Iy € Lp, and another system S'2, Iy € {Ly,...,1; }, is modeled by
the matrix W!2 | obtained by replacing each weight wjp, of Whiz in @) with the
corresponding diagonal matrix w;,Ix. Finally, we will denote by I the identity

matrix composed by more matrices [ .

Example 3.1. Consider a system of N = 2 urns containing balls of K = 2
colors. Let the generating matrices H', H? and the interacting matriz W be as

follows:

o 3/4 1/2 I 7/8 7/8 W a l-«

1/4 1/2] 1/8 1/8 1-8 8

where o and B are given constants in [0, 1].

In the case of no interaction o = 8 = 1, from the classical theory on single

GFUs (see B, H, B, @/), we have that

(1) Z) = (Z1,,25,,) converges a.s. to (2/3,1/3), i.e. the right eigenvector
of H' associated to X = 1; moreover the convergence rate is \/n, since the

second eigenvalue of H' is 0.25.

14



(2) Z} = (Z3,,73,) converges a.s. to (1/2,1/2), i.e. the right eigenvector
315 of H? associated to A\ = 1; moreover the convergence rate is n®2°, since

the second eigenvalue of H? is 0.75.

When both o < 1 and B < 1, W is irreducible. Using the notation introduced
in Subsection[2] and Subsection[31}, in this case the two urns belong to the same
leading subsystem St+ = {1,2}. We have s** =2, W = WE = Wl1 | and the

joint quantities read as follows: Z), = (Z{ ,,, Z3 ,,, 23 ., Z3 ,) € §*2,
51200 o 0 1-a O
oo 73 00 W 0 o 0 l-a
o 7 1|’ =
00 I 1 1-8 3 0
17

We will discuss the asymptotic properties of this system in Example [{-1]
When o« = 1 and B < 1, the first urn forms a leading system, while the

second one exhibits the behavior of a following system (see Example [51).

w0 3.2. The system dynamics in the SA form

For any system S!, [ € L, the dynamics in (@) can be written, using the

notation of Subsection B1], as follows:
Y, =Y, , + DX, (7)

We now express ([{]) in the SA form (&), where the process {0,,;n > 1} is rep-
resented by the urn proportions of the system S!, i.e. {Z!;n > 1}. Since
Y! = diag(T,)Z!, for any n > 1, from (@) we have

diag(T,)Z,, = diag(T,_,)Z;,_, + DX,
that is equivalent to
diag(T,,)(Zy, — Zy,_y) = —diag(T,, =T, _)Z, , + D, X,. (8
Now, notice that, for any n > 1,

(1) Eldiag(T,, — T!,_|)|F._1] = I by Theorem Tt

15
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(2) E[D,X]|Foi1] = E[D,|F1]EX][F.] = H'Z

: l
n—1, since D; and

X! are independent conditionally on JF,_1.

Hence, defining the martingale increment

AM,, = DX, —H'Z, , — (diag(T;, =T, 1) -DZ, ., (9
we can express () as follows:
diag(T,)(Z, = Zy—y) = ~Zyy + H'Zy + AM,,. (10)

Now, multiplying by diag(T!,)~! and defining the remainder term

R := (n-diag(T,)"' - 1) (fZl + H'Z, | + AM;) , (11

n—1
we can write (I0) as follows:

1 ~ 1
2, -7, = @, - Wz o+ Lo R a2

n—1 n

_ HlZl

n—1

The term (Zl

n—1

) in (I2) should represent the function f in (@) in
the SA form. However, although in a leader S, I € L1, we have that Z!

n—1

l

only depends on Z!_;, in a follower S!, I € L, the term Zil_l is in general a

function of the composition of all the urns of the system, i.e. Z= ... ZL .
Hence, the dynamics of a leading system can be expressed as in (IZ), while the
dynamics of a following system needs to be incorporated with other systems
to be fully described. For this reason, the asymptotic behavior of these two

types of systems are studied separately: the leading systems in Section M and

the following systems in Section

4. Leading Systems

In this section we present the main asymptotic results concerning the leading
systems S, I € L. We recall that these systems are characterized by irreducible
interacting matrices W! such that A\ye.(W!) = 1 (see @) in Subsection ZF).

For this reason, their dynamics is independent of the rest of the system and

16
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hence, by using ZL | = W!Z! | in ([[2), we have

n—1

1 1
Z, -7, , =—-h(Z, )+ - (AM; + Ril)v
n n
(13)
Rl(x) =1-QYx, Q' := HW!

4.1. Eztension of the urn dynamics to Rs'K

Since h! is defined on R* K , while the process {Z!;n > 0} takes values
in the subset S K , then applying theorems based on the SA directly to (I3
may lead to improper results for the process Z!. To address this issue, we
appropriately modify the dynamics (I3)) by replacing h! with a suitable function
fL, == h'4+mg', where m > 0 is an arbitrary constant and ¢' is a function defined

in R*'K that satisfies the following properties:

(i) the derivative Dg' is positive semi-definite and its kernel is Span{(z —y) :
T,y € SSLK}: hence, g' does not modify the eigen-structure of Dh!(x) on
the subspace S K , where the process Z! is defined, while it changes the

eigen-structure outside S5 K , where it can be arbitrary redefined;

(ii) g'(z) = 0 for any z € S*'K: hence, since f!.(z) = hl(z) for any z € 5K,
the modified dynamics restricted to the subset Ss'K represents the same

dynamics as in ([I3)).

Let us now provide an analytic expression of g'. First note that, since by defini-
tion of convex combination we always have W'l = 14, the left eigenvectors of
W' (possibly generalized) are such that Uj1, = 1 and U1y = 0 for all i # 1.
Denote by Sp(A) the set of the eigenvalues of a matrix A and note that, since
by (A2) we always have 1% H/ = 1%, then Sp(W') C Sp(Q!) and the s' left
eigenvectors of Q! associated to any \; € Sp(W!) c Sp(Ql), i € {1,...,5'},
present the following structure: U; := (Uj11k,...,U;a1k)’. As a consequence,
for any z € S* K, we have Ujz = U{ly = 1 and Ulz = U/1, = 0 for all
i€{2,... sl}. Hence, denoting by Vs and Uy the matrices whose columns are

Vs,..., Vg and Us,..., Uy, respectively, we define the function g’ as follows:
gl(x) = Vi (Ujx—1) + VyUsx, (14)

17
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and the dynamics of the process Z!, in ([[3) can be replaced by the following:

1 1
Z,~Zyp . = ——[n(Zy) + —(AM, + R;),
flx) =0-QY% + mV; (Ux—1) + mV,Uyx.

4.2. First-order asymptotic results

We now present the main convergence result concerning the limiting propor-

tion of the urns in the leading systems.

Theorem 4.1. Assume (A1), (A2) and (A3). Thus, for any leading system S',
l € L1, we have that
Zl % 7L, = Vi, (16)

where V7 indicates the right eigenvector associated to the simple eigenvalue

X =1 of the matriz Q, with > Vi =1

Remark 4.1. Note that when the interacting matrix is the identity matriz, i.e.
W =1, ny = N and np = 0, each urn represents a leading system and it
evolves independently of the rest of the system. In this case, (I0]) expresses the
usual result for a single GFU, where the urn proportion converges to the right

eigenvector associated to the mazximum eigenvalue of the generating matrix, see

.o L3I Lo

Remark 4.2. In Theorem[]-1], condition (A3) implies that the mazimum eigen-
value X = 1 of Q' has multiplicity one, which gquarantees Vi to be the unique
global attractor for the system S'. Without assumption (A3), there could be
multiple attractors and hence the limiting proportions of the system would be a

random variable, as in , IB] where the RRU model is considered.

4.8. Second-order asymptotic results

We now establish the rate of convergence and the asymptotic distribution
of the urn proportions in the leading systems S, I € £;. Since to obtain these
results we need to apply the Central Limit Theorem of the SA (see Theorem [A2]

in Appendix) to the dynamics (IH), a crucial role is played by the spectrum of

18



the Ks' x Ksl-matrix of the first-order derivative of f! defined as follows: for

any x € RES!
F, = Dfl(x) = I-Q") + mV U] + mV,U,. (17)

Moreover, since the asymptotic variance depends on the second moments of
the replacement matrices, we denote by C7(i) the covariance matrix of the *?
column of DJ, ie. CY(i) := Cov[D’, ], where D’ = (D{i’n,...,Di(i,n)’;
note that (A’2) ensures the existence of C7(i). Hence, denoting by H’(i) :=
E[H(H)') where HY, := (HY,, ..., H},)', we let
K
G =Y (COG)+ HI) Z o — ZI(Z1,), (18)
i=1
where ZZOO = Zthl wthi}foo. Then, for any leading system S', | € Lr, we
denote by G' the block diagonal matrix made by the s blocks Gar o, Gar.
The following theorem shows the rate of convergence and the limiting dis-

tribution of the urn proportions in the leading systems.

s Theorem 4.2. Assume (A’2) and (A3). For any leading system S', 1 € Ly, let
M be the eigenvalue of Sp(QY) \ Sp(W') with highest real part. Thus, we have
that Re(A\*!) = 1 — Re(Sp(FL,)) and

(a) if Re(A\*) < 1/2, then

o0
Va(zh-zh) -5 N (0,8, T = lim [ etG TGl T qu,

m—0o0 0

(b) if Re(\*) = 1/2, then

log(n)

(Z, ~Z) == N (0).
(c) if Re(\*) > 1/2, then there exists a finite random variable 1 such that
nl =R (gl 7l ) syl

Remark 4.3. When the interacting matriz W is the identity matriz, each urn

represents a leading system and hence W' = 1 and Q' = H'. In that case, \*
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s is the eigenvalue of H' with second highest real part and hence Theorem
expresses the usual Central Limit Theorem for a single GFU, see e.qg. [B, Bﬁ
s
Remark 4.4. The role of Q' in Theorem [[-9 shows that the convergence rate of
the urns in S’ does not depend only on their generating matrices {H7, vt +1 <

w0 j < 7'} but also on their interaction expressed in W'. For instance, consider two
single GFUs whose generating matrices H' and H? are such that the convergence
rates of the urn proportions Z} and Z?2 without interactions are different. Then,
an interaction between these urns with an irreducible W' would make Z} and

Z2 converge at the same rate, which would depend on the choice of W'.

Example 4.1 (Continuation of Example BIl). When we introduce an interac-
tion with an irreducible W, the limit of the urn proportions changes as estab-
lished in Theorem[{.1] For instance, if we consider W as in (@) witha = = 0.8
we have that Z, = (Z1 ,,, Z3 ., 23 ,, 23 ,,) converges a.s. to (0.66,0.34,0.56,0.44)’,

which is the right eigenvector of

o

sSa
4
o

e e

HW aH! (1—a)H! o

Q o o (1 o ﬁ)HQ ﬂH2 o %(1_5) %(1_:6) s 8
§1-p) F1-5) % £

ss  associated to X\ = 1. Moreover, as explained in Remark [{) the interaction
makes the two urns converge at the same rate, which depends on the interacting
matriz, as established in Theorem[{.3 In this case o = 5 = 0.8, since Sp(Q) =
{1,0.62,0.6,0.18} and Sp(W) = {1,0.6}, we have A* = 0.62 and hence the

0.38

convergence rate is n°°°. In addition, to underline the role of the interaction

w0 in the convergence rate of the system, we note that
(i) if a = (1 —3) = 0.8, since Sp(Q) = {1,0.35,0,0} and Sp(W) = {1,0} we
have \* = 0.35 and hence the convergence rate is \/n;
(i) if « = B = 0.5, since Sp(Q) = {1,0.5,0,0} and Sp(W) = {1,0} we have
A* = 0.5 and hence the convergence rate is \/n/log(n);

ws (111) if o = (1—B) =0.2, since Sp(Q) = {1,0.65,0,0} and Sp(W) = {1,0} we

have \* = 0.65 and hence the convergence rate is n3°.
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5. Following Systems

In this section we establish asymptotic properties concerning the following
systems S', | € Lr. As we have already underlined, the dynamics of these
systems can be properly expressed in the SA form (B)) only through a joint model
with the urns in the systems {ST1, ..., S'}. Thus, we need a further notation
to study collections of more systems. In particular, we will replace the label [
with (1) whenever an object is referred to the joint system S® := {SF1 ... S'}
instead of the single system S'. For instance, the vector Yg ) e RE" indicates
(YL . YL) and D" indicates the block diagonal (Kr!x Kr')-matrix, whose
blocks are made by DEt, ... D! . Then, from (@) we can express the sampling
probabilities in the follower S! as follows:

Z, .= Y W'z, +W'Zl_ .
i€{Ly,..17 }

Hence, from ([2)) we obtain

Ly 1

Z,~Z, . = - WZ,]Z,,) + ~(AM] + R}),

W(xi,x2) = = QU )x + (I-Q)xs, (19)
QY = [E'WE L HW!], Q= HW

Since h! is not only a function of Z!,_;, the dynamics in (IJ) is not already
expressed in the SA form (B). To address this issue, we need to consider a joint

model for the global system S®) = S U St = 8L ... U S as follows:

z0 _ 70 — _Lyogo y L (AM(l) n R(l))
n n—1 n n—1 n n n ’ (20)
hO(x) = (I _ Q(l)) X,
where Q) can be recursively defined as follows:
_ Qi ... 0
Q) o
Q) = QLnz) — . (21
Ql(l’) Ql
0 Qi

where by convention F|” = L,,, .
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5.1. Extension of the urn dynamics to R K

We now apply to following systems similar considerations made for SA of
the leading systems in Section EIl Note again that A() in @0) is defined in
R K , while the process {Zg ); n > 0} lies in the subspace S"K. The application
of the theorems based on the SA needs an extension of h(Y), which takes into
account the SA structure.

For this reason, we replace h(") in (M) with a suitable function f,gi) =
W +mg® such that m > 0 is an arbitrary constant and ¢(*) is a function defined
as in (@), where in this case {U;;1 < i < '} and {V;;1 <4 < 7'}, indicate,
respectively, the left and right eigenvectors of Q(®) (possibly generalized). Hence,
the dynamics of the process Zg) (@) is replaced by the following:

1 1
20 -z, = -—f0@l) + - (aMP + RO,
" " (22)
106 = (1-Q0) x + mV (Upx—1) + mV,Upx.

Note that in the joint system S® the eigenvalue A = 1 of Q) may not have
multiplicity one; in that case, V7 is univocally identified as the right eigenvector
of Q) associated to A = 1 such that, letting U; := (U 1k, ..., U;u1k) and
UW® = \U! for any i € {1,...,7'}, we have U/ V| = Uj1,. = 1 and UV, =
U/1,. =0 when i # 1.

5.2. Removal of unnecessary components

The following system S' may not depend on all the components of S()
and hence the convergence in S’ may be faster than the rate in S¢"). When
this occurs, the asymptotic distribution obtained for the urn proportions in S
restricted to the urns in S! is degenerate. To address this issue and characterize
the asymptotic behavior in the following system S!, we need to reduce the
dimensionality of Zg ) by deleting those components which do not influence the
dynamics of Z!. Since the interaction between S' and the systems in S ) is
expressed by Q1) we exclude the components of Zgi) defined on the null

space of Q") Formally, consider the following decomposition:
sp(QY) = Sp(Q") U sp(Q")) = Aiv U Aour,
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where
Aovr = { Ae Sp(Q1)) - I {QY v =} n{QM v =0} }

Ay = 5p(Q") U (SP(Q(F)) \AOUT) ~

Then, the eigenspace of QW associated to A € Aoy will be removed from the

dynamics in ([22). To do this, let us denote by:

(1) U;y and V;y the matrices whose columns are the left and right eigen-

vectors of Q| respectively, associated to eigenvalues in Ajy;

415 (2) Upyr and Voyr the matrices whose columns are the left and right eigen-

vectors of Q| respectively, associated to eigenvalues in Aoyr;

Since we do not want to modify the process Zg) on S, ie. Zln7 we now construct
two conjugate basis in Zm(U;y) and Zm(Vy) that are invariant on S!. Note
that, since Sp(Q!) C Az, there exists a non-singular matrix P such that the
following decompositions hold:

B 0 e Cc o

B:=V;yP = , C:=P Uiy =

0 I 0 I
Since ¢'B = I and BC/ = VinUn', C and B represent conjugate basis in
Im(U;y) and Zm(Vy), respectively. Thus, for any x = (x),x!) € RET

we have the following decomposition:

x = VinUin'x + VourUour'x = BX + Vourxour, (23)
where
« C'x(7)
%:=C'x = . ) xourt := Uour'x.
X

In particular, we consider the process {Z;”, n > 1} defined as follows:

) R C/Z(r)
Z0 = &'z = S (24)
z,
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now, multiplying by €’ to @2)) and applying the decomposition 23] in 22,
since CIVQUIQVOUT =0, U Vour =0 and C'Vour = 0, we have that

o 1o 14
20 -2, = - @) + ¢ (amD ¢+ RY).
D(%) = (I—C’Q‘”B)fc + mVl( . 1) + mV, 0%,

where IAJ’I = U’1]§, Uy := U’QE, Vi :=C'V; and Vs := €'V, represent the left
and right eigenvectors of ¢’QMB associated to A € Sp(W )\ Appr. Since ﬁ%)

is a function of Z{", the dynamics in [5) is now expressed in the SA form (&)).

Remark 5.1. The interacting matrix W lonely is not enough to individuate the
components of the system that actually influence a following system, but it is
necessary to study the eigen-structure of QW , that joins the information of W
and of the generating matrices {H?,1 < j < r'} of the urns in SO This may
be surprising since W is the only element that defines the interaction among the
urns in the system. Nevertheless, when H7 is singular, different values of Z,JL
may give the same average replacements, szg, which 1s equivalent as having
singularities in W, where different values of {Z!;1 < i < r'} may give the same
Z,in, and hence same HIZJ. For instance, if all the columns of H were equal
to a given vector v7, the urn j would be updated on average by vI regardless
the value of Zfl_l and hence the urns in S would not play any role in the

dynamics of the urn j for any choice of W.

5.8. First-order asymptotic results

We now present the convergence result concerning the limiting proportion of

the urns in the following systems. The asymptotic behavior of ZSP is obtained
() )

. . -
recursively from Zs 7 = a.s. — limy, o Z% .

Theorem 5.1. Assume (Al), (A2) and (A3). Thus, for anyl € Lp, we have
that
Z,Ell) ﬂ> Z(OQ = \71;

hence, from @4), in the following system S' we have that

z!, =% 7l = (1-QY) 7 Qzl),
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5.4. Second-order asymptotic results

We now present the results concerning the rate of convergence and the
asymptotic distribution of the urn proportions in the following systems. To
this end, let us introduce the Ks! x Ksl-matrix of the first-order derivative of
Fin
PO — ¢FOB

" s . o (26)
= I-C'QYB) + mV U, + mV,U,.
Moreover, the asymptotic variance will be based on the quantity GO .= ¢GVB,
where G() is the block diagonal matrix made by G!,...,G" (see (IX)).

The following theorem shows the rate of convergence and the limiting dis-

tribution of the urn proportions in the following systems.

Theorem 5.2. Assume (A'2) and (A3). For any following system S', | € L,
let X! be the eigenvalue of Sp(QW)\ (Sp(W W)U Aoyr) with highest real part.
Thus, we have that Re(A\*!) =1 — §Re(Sp(]?‘$,lL))) and

(a) if Re(\*!) < 1/2, then

NCIvAU 0N N(O’f}(l))7 SO o gim [ et BFD) GO FDY g

m—0o0 0

(b) if Re(\*) = 1/2, then

5 d
) (ZO — 20y 4, N(o,2<l>).

(c) if Re(\*) > 1/2, then there exists a finite random variable ) such that

LAWES 5 a.s,
pt=Re @) (ZO _ 70y 220

Remark 5.2. Note that, since from (24) 7z = (C’Zgi),Zln)’, Theorem [2.2
explicitly states the limiting distribution and the asymptotic covariance struc-
ture of the wrn proportions in any following system Z.,, 1 € Lp. In addition,
Theorem [5.3 also determines the correlations between Z!, and the components
of the urn proportions in the other systems S', | € {Li,...,”}, that actually

influence the dynamics of Zl,.
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Remark 5.3. We highlight that condition (A3), i.e. irreducibility of the gener-
ating matrices H7, may be relazed in Theorem[Zd and Theorem[Z3, by requiring
(A3) only for the urns in the leading systems. In fact, we can note from the

proof that (A3) is not needed for the urns that belong to the following systems.

Example 5.1 (Continuation of Example B and Example [I). Set W as
in (@) with a =1 and 8 <1, and hence
Q- HW — H! 0
(1-pH> pH?

Urn 1 forms a leading system and urn 2 is a following system. As a consequence,
the asymptotic behavior of urn 1 does not depend on urn 2. We have that
Z) = (Z1,.2;5,) converges a.s. to ZL, = (2/3,1/3)’, and the convergence rate
18 \/n, see Example [3 1.

Concerning urn 2, its limiting proportion depends also on urn 1 as established
in Theorem [B1, where in this case:

Q' =H', Q= (1-pH", Q* = pH>. (27)

For instance, if 5 = 0.5 we have that Z7 = (Z%,,
I-Q?»'Q"ZL, = (0.6,0.4). Moreover, the convergence rate of urn 2 is
determined by the interaction as established in Theorem [B.4.  With 8 = 0.5,
since Sp(Q) = {1,0.5,0.375,0.25}, Sp(W) = {1,0.5} and Aoyt = 0, we have

Z3 ) converges a.s. to

A* = 0.375 and hence the convergence rate is \/n. In addition, to underline the
role of the interaction in the convergence rate of the following system, we note

that
(i) if B = 0.2, since Sp(Q) = {1,0.25,0.2,0.15}, Sp(W) = {1,0.2} and
Aovr =0, we have \* = 0.25 and hence the convergence rate is \/n;

(i) if 8 = 0.8, since Sp(Q) = {1,0.8,0.6,0.25} and Sp(W) = {1,0.8} and

Aour =0, we have \* = 0.6 and hence the convergence rate is no4.

If we compare these results with the convergence rate of urn 2 without interaction
(n®25, see Example[31), we can observe that, in this evample, the interaction

makes the following system converge faster.
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6. Further extensions

In this section, we discuss some possible extensions of the interacting urn

model presented in this paper.

6.1. Random and time-dependent interacting matrix

Although we consider a constant interacting matrix W, the results of this pa-
per may be extended to a system characterized by a random sequence of interact-
ing matrices {Wy;n > 0}, i.e. Wy, = [wjn,n] € F, and an = 2;11\;1 wjhynZi}fn
for any 7 € {1,...,K}. In that case, it is essential to assume the existence of a
deterministic matrix W such that W, %% W, which individuates the leading
and the following systems, as in Subsection [2.4]

The dynamics with random and time-dependent interacting matrices could
be also expressed in the SA form (@), by including the difference (W,, — W)
in the remainder term ([Il). Naturally, the asymptotic behavior of the urn
proportions would depend on the limiting interacting matrix W and on the rate
of convergence of the sequence {W,,;n > 0}. Specifically, the convergence of the
urn proportions could be obtained with the only assumption W, <3 W, while
extensions for the second-order results presented in this paper would require

nE[|W, — W|]?] = 0 (cfr. B, Assumption (A5)]).

6.2. Non-homogeneous generating matrices

The independence and identically distribution of the replacement matrices is
an assumption that could be relaxed by assuming that the sequence of generating
matrices {HJ;n > 0}, H. | := E[DJ|F,_1], converges to some deterministic
matrix H7. Thus, the urn dynamics could be expressed in the SA form (f),
by including the difference (HJ — H7) in the remainder term (), and the
asymptotic behavior would depend on H’ and on the rate of convergence of HJ.
Specifically, the second-order results would require an additional assumption as

nE[||HJ — H||?] — 0 (cfr. B, Assumption (A5)]).
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7. Proofs

This section contains the proofs of all the results presented in the paper.
Initially, in Subsection [.I] we prove Theorem [ZI] concerning the behavior of
the total number of balls in the urns of the system. Then, in Subsection we
present the proofs of the results on the leading systems described in Section Ml
Finally, Subsection contains the proofs of the results of Section Bl concerning
the following systems.

The proofs of Subsection and on the asymptotic behavior of the
subsystems of urns are based on basic results of stochastic approximation, which

have been reported in Appendix as Theorem [A.1] and Theorem [A2]

7.1. Proof of Theorem [2]]
The proof of Theorem 2 Il requires the following auxiliary result on the mar-

tingale convergence:

Lemma 7.1. Let {Sp;n > 1}, S, := > | AS;, be a zero-mean martingale
with respect to a filtration {Fp;n > 1} and let {by;n > 1} be a non-decreasing
sequence of positive numbers such that

[ee]

> b PE[(AS)?|Fia] < o0, aus. (28)

i=1

Then, b 1S, %% 0.

Proof. Let us define the zero-mean martingale S, := Sy AS;, with AS; =
b 'AS;. Equation E8) states that 31 E[(AS;)?|F;—1] < oo and hence S,
converges a.s. since its bracket (), < oo a.s. (see [34, Theorem 12.13]). Thus,

the result follows by using Kronacker’s Lemma (see [32, Lemma IV.3.2]). O

Proof of Theorem [2d By using Lemma [LI with b, := n'~% and S,, := TJ —n,
the proof follows by showing that 77 —n is a martingale whose increments have

bounded second moments. Now, since

K

K K
T% *quq = Z(Yk],n - ij,n—l) = ZZ(Diz,an],n)v
k=

k=1 1i=1

the result follows by establishing that
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(a) SuPnzl E [(Zf_l Z'Llil ki, nX] ) |]:n—1:| < 09
(b) Zf:l Z'LKI E |:D-I]cz n zj,n|‘/—'.’ﬂ*1i| = 1

For part (a), by using |an| <1 and (Al), we have that

2
sup B (ZZ "kl ) ‘]:"*1 < K?sup max max E[(Dii,n)ﬂ < 00,
k= 1

n>1 n>1J€{1,....N} i,ke{l,... K}
where the last passage follows by noticing that by Jensen’s inequality and (A1)

)f < E[(D] )Qﬂ“% < CFF. (29)

ki,n

E [(DJ

ki,n

,n

For part (b), since Zszl H,zi = 1 by (A2) and since Dil and X7 are inde-

pendent conditionally on F,,_1, we obtain

> [Dhi Xl 1Pt = S S, - Z mZH] Zml

k=1 i=1 k=1 1=1

Finally, by the definition of Zf n_y in (), we have

Z i,n—1 Zzw.]hzzn 1 - Zw.]hzzzn 1 - Zw.]h - 1

i=1 h=1 =

which concludes the proof of () for av < 1/2 under assumption (A2).
Concerning the proof of ([B]) under assumption (A’2), note that

T ZZ ki X Z

k=11i=1
hence, T = TOj +n a.s. and, for any o < 1,

Ti TV as/L?
na<—"—1> — 0 2y g

n nl—a

7.2. Proofs on the leading systems

Proof of Theorem[{.1l Fix [ € L, and consider the leading system St={r" +
1 < j < 7!} with interacting matrix W'. Since the dynamic of the urn propor-
tions Z!, in S! has been expressed in ([H) in the SA form (B, we can establish
the convergence result stated in Theorem Bl by applying Theorem [A1lin Ap-
pendix. To this end, we will show that the assumptions of Theorem [A ] are

satisfied by the process {Z!;n > 1} of the system S':
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(1)

(2)

the function f!, defined in (I3 is a linear transformation and hence locally

Lipschitz.

from (@), we have that sup,,~, E [HAMNQ |]-'n_1} < o0 is satisfied by

establishing
(28) sup, >, B [[DLXL ][ 17,1 < oo
(2b) sup,>; E {Hdiag(Tﬁl — T;fl)ZﬁlleQ |.7~"n,1} < 0.

Concerning (2a), since an € {0,1} a.s., we have that

X < Y3 (0 as

jest k=1 i=1
Thus, (2a) follows by assumption (A1), since

2
igIIE {HD;XL”QU'}L—J Z ZZsupE [( kzn) } < siK2CFT,

jest k=1i=1 "1

where E[(D]

ki,n

)?] < C * follows by [29). Concerning (2b), since ZZ [(Z]

1, we have
Hdmg(Til - T;71)Z271H2 < Z (T3~ Ti D% as. (30)
jest
where we recall that
' K ' _ K K
- Trjzfl = Z(Yk],n - ij,n—l) = Z Z kz n (31)
k=1 k=1 i=1

Hence, combining (B0) and (BIl), since ijn € {0,1} and Zfil ijn =1

a.s., we obtain that

K K
Jdiag(Tt, - T2t |* < (ZZ >>
k=1 1=1
K /K 2
S Z(ZD-I]m,n> ), @.8
jest i=1 \k=1
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Finally, using the relation (31, a2) < K2(Yr_, a2), (2b) follows by

assumption (A1), since

sup E [Hdiag(Tﬁl - T£171)Z£171||2 |]:n—1}

n>1
K

K
< sup Z ZKQZE [(D{mnf] < le4C’52%,

nZlicgri=l k=1

- 2
where E[(Dj, )?] < C5*™° follows by ([23).

ki,n

(3) from (D), we show ||RL || %% 0 by establishing that, for any (2 +6)~* <

a <27t

(3a) n®||n- diag(T%)~' —I|| =% 0,

7. | —H'Z! ||| %50,

n—1

(3b) n—°

(3¢c) n™¢ ||AM£LH %00,

where we recall that § > 0 is defined in Assumption (Al) (see Subsec-
tion 22). Since (3a) follows straightforwardly by Theorem 2] consider

(3b). For any € > 0, using Markov’s inequality we obtain

- ~ (2+9)
3 (Hz;,1 - le;,lH > eno‘> < (en®)"CHOE [Hz;l - le;,lH ] .
Hence, (3b) follows by Borel-Cantelli Lemma since « - (2 4+ 6) > 1 and

- (2+96)
sup E {HZ;I — HlZ;AH ] < Z 20249 < o0,
n20 jest

Concerning (3c), we can apply again Markov’s inequality and the same

arguments of part (3b) since by assumption (A1) we have that

e+ K E
supE {HD%X; - HlZln_lu } < sup Z ZZE [(Diim)@”)} < 0.
n>0 20 jest k=1i=1

Thus, by applying Theorem [A] to the dynamics in (H), we have that the

limiting values of Z!, are included in the set
(xR . flx)=0}.
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Now, denote by V3 and Us the matrices whose columns are, respectively, the
right and left eigenvectors of Q! (possibly generalized) associated to the eigen-

values A € Sp(Q!) \ Sp(W'). Hence, we have the following decomposition
Q' = ViU, + VuJoU, + V3J3Us, (32)

where Jo and J3 represent the corresponding jordan blocks. Since the eigen-
vectors of Q! represent a basis of R, for any x € R there exists a € R,

be R ! and ¢ € R* (K=1) such that
x = Via + Vb + Vse. (33)
Hence, by using (32) and (B3]), we obtain

hl(X) :VQ(I*JQ)Z) + VS(I*Jg)C,

g'(x) =Vila—1) + Vab,
and then, since f! (x) = h!(x) + mg'(x), it gives us
flx) = mVi(a—1) + Vo((1+m)I —J2)b + Vz(I—J3)ec. (34)

From the irreducibility of H’ assumed in (A3), for all A € Sp(Q') \ Sp(W?)
we have A\ < 1 and hence (I — J3) is positive definite. Therefore, since m > 0,
from [B4) we have that f! (x) = 0 if and only if « = 1 and b = ¢ = 0, i.e.
x=Vj.

It remains to prove that Vi is a global attractor in R¥*. To this end, we
will show that the Jacobian matrix Df! (x) is positive definite for any x € Rt

We recall that, from (I’ we have
F!, = Dfl(x) = mViU] + Vo((1 +m)I —Jo)U, + V(I —J3)Uj. (35)

Hence, since m > 0 and (I — J3) is positive definite by assumption (A3), we

have that F! is positive definite for any m > 0. This concludes the proof. O

Proof of Theorem[{.2 The proof consists in showing that the assumptions of
the C'LT for processes in the SA form (Theorem [A2]in Appendix) are satisfied
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by the dynamics in () of the urn proportions Z! in the leading system S'.

First, we show that condition {Re(Sp(Df(6*))) > 1/2} in Theorem [A2] is
equivalent to {Re(A*!) < 1/2}. Note that the function f of the SA form () is
represented in our case by f! defined in (I5). Similarly, the term 6* in Appendix
indicates the deterministic limiting proportion Z%_, while Dh(6*) is represented
by F!, defined in (7).

Now, consider the eigen-structure of Q! and note that F, has been expressed

in (38) as follows:
F. = mViU; + Vo((1 +m)I —J)U, + Va(I—J3)U%

Hence, it is easy to see that the eigenvectors of F! and Q' are the same, since

(1) FL Vi =mVy,

(2) FL,Vy =Vo((1 +m)I - Jy),

(3) FL V3 =V3(I-J3).
Thus
Sp(FL,) = {mIu{(1 +m) — A, A € Sp(WH)\ {1} }u{1 — A, A € Sp(Q') \ Sp(W'
By setting m > 0 arbitrary large, we obtain that

{Re(Sp(Df(67))) > 1/2} = {Re(\") < 1/2}.

Condition (AJ]) of Theorem [A:2] follows from analogous arguments of point (2)
in the proof of Theorem 1l In fact, since

N K K
supE[||AMl H2+6|J—_'n 1 < KQJHSZZZSUPE Imn2+6] < NK4+6.

n>1

For what concerns condition ([(A2]), we will show in a moment that for any I € Ly,

E[AM, (AM!) | Fo1] 5 G E[AME (AME2) ] =0 Vi, # L.
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To this end, we first show that, for any urn j € S*, E[AMI(AMJ) |F,_1] &%
G7. Note that

E[AM](AM) |Faa] = EBU(DLX))(DLX) |Fua] — (HIZ)_)(HZ) ),
and the first term of the right-hand side can be written as

K
E[(D) X)) (D3X3) |Faet] = D EID) (D)) 1Faca]P(X], = 1 Fuma)
i=1

K
= Y (@) + H )2,

When n increases to infinity, from (I8)) we obtain
K
E[AM](AM)) [Foa] 5 Y (CU60) + HI )2 — Z3(Z) = &
i=1
We recall that for any j; # jo, DJ'XJ1 and DJ2XJ2 are independent condi-
tionally on F,_1. As a consequence, E[AMI* (AM7?)'|F,_1] = 0 and hence
E[AMY (AM2)'] = 0 for any I; # .

It remains to check that the remainder sequence {R!;n > 1} satisfies (A.3))
for any € > 0, i.e.

E [nl[Ry "1z, -z <)) — 0. (36)

Equation ([B0) can be obtained by combining (II]) and part (3b) in the proof
of Theorem [ once we have observed that assumption (A’2) in Theorem 2]
implies that

E |n|n- diag(T},)™ ~1]*] — 0.

Since the assumptions are all satisfied, we can apply Theorem [A2] to any
leading system S!, I € £, so obtaining the CLT of Theorem @2 with asymp-

totic variance
o0
Il I_ @l
E%m — / eu(2 Fvn)Gleu(2 F.,) du.
0

Finally, we need to fix m > 0 to obtain the correct asymptotic variance X! for

(Z!, —ZL ) in Span{(x —y) : z,y € SSlK}. Since by construction the kernel

34



565

570

of Ui, i € {r' + 1,71}, is exactly Span{(z —y) : 2,y € SSIK}, we impose
that UgEfnUi = 0 so obtaining that ¥! = lim,,_oc X! . This concludes the

m

proof. O

7.3. Proofs on the following systems

Proof of Theorem[51l Consider the joint system S*) = Uie{Llwl}Si, for [ €
L, composed by the leading systems SZt,...S%7. and the following systems
St .St where we recall S := {rl" +1 < j <r'}. As explained in Section [5
we focus on the reduced process Zﬁf) = ¢ zﬁf), whose dynamics is expressed

in (28) as follows:

X o RPYR 1.
z0O 70 = ——fOzW |y 4~ (AMﬁf) n R§f>>7
) n n o (37)
fO%) = (IfC’Q”)B>5< + mV, (U’p‘cf 1) + mV, 0%,

where the function f in the SA form (B is here represented by fﬁ? that takes
values in Span{Vn}.

Analogously to the proof of Theorem []] for the leading systems, one can
show that all the assumptions of Theorem [A]] are satisfied by the dynamics
in (37) and hence the limiting values of Zsll) are represented by those x €
Span{Vn} such that F (x) = 0. We use analogous decompositions of those
in 2) and in B33) for C'QUB and x € Span{Vn} respectively, obtaining

fTIn(X) = mVl(a—l) + @2((1+m)1—jg)b + Vg(l—jg)c, (38)

where Jy := C'J,B and J3 := C’J3B. By assumption (A3), H? are irreducible.
Thus, A < 1 for all A € A;x \ Sp(W®) and hence (I — J3) is positive definite.
Therefore, since m > 0, from ([B8) we have that ffn(x) =0 if and only if a =1
and b=c=0,ie x=Vj.

By definition of Q) (see (ZI))), we have that

cQlIB 0
Ql(r)B Ql

¢'QVB =
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and hence we can express V| = (Vﬁ”, Vi) as follows:

\"/- V§l7> C/vgr)
1= _ - = B _
(I1— Ql)—lQl(l )ngl ) (= Ql)—lQl(l )Bclvgl )

Now, since Vyi) € Im(Vin), we have

BC'V!) = v, U, Vi) =vi),

Finally, since from (26]) F) = ¢'FYB, we have that Sp(f‘g,ll)) C Sp(F,(f@))
and hence Fﬁf} is positive definite for any m > 0. As a consequence, Vi is a

global attractor in Span{Vy} and this concludes the proof. O

Remark 7.1. We highlight that, when (A3) does not hold, the matriz (I —
J3) in BR) may not be positive definite and hence the solution Vi would not
be unique. However, since in the following systems S', | € Lp, we have
Amax(W1) < 1 and this implies Amax(Q!) < 1, the irreducibility assumption
of H7 required in (A3) is not necessary for the following systems, but it is only

essential in the leading systems in which Apax(W') = 1.

Proof of Theorem[5.4 Consider the joint system S*) = Uie{Llwl}Si, for [ €
Lr, composed by the leading systems S1,...S%7. and the following systems
St .St where we recall S := {rl" +1 < j <r'}. As explained in Section [5
we focus on the reduced process Zﬁf) = ¢ zﬁf), whose dynamics is expressed

in (28) as follows:

S0 50 _ _Lewyso Lev 0 0
Zn anl nfm (anl) + TLC (AMn + Rn ) 9
fPE) = (1-¢QUB) % + mVy (Tix—1) + m¥0%,

where the function f in the SA form in (&) is here represented by fy(,? The
proof will be realized by showing that the assumptions of the Theorem in
Appendix are satisfied by the process ng), with 6* replaced by the deterministic
limiting proportion Z((fo), and Df(0*) represented by 13‘5,? defined in (26).

To do this, we first show that condition {Re(Sp(Df(6*))) > 1/2} in Theo-
rem [A2is equivalent to {Re(A*!) < 1/2}. To this end, analogously to the proof

of Theorem for the leading systems, note that
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(3) FOVs = Vy(1— J3).
Hence, the eigenvectors of F%) and ¢’ Q(l)B are the same and then

Sp(BR) = {m} U {(1+m) = A X e spW )\ ({1} Udour) |
O {1 a e Sp@QU)\ (Sp(M ) U Aoun)}

which implies {Re(Sp(Df(6*))) > 1/2} = {Re(\*!) < 1/2}.
Then, by using analogous arguments of the proof of Theorem for the

leading systems, it can be easily shown that

E[C'AMY(AMWYY €| F,_1] &5 GO, E[C&'AMU)(AM2)) )l =0 Vi # I,
and for any € > 0

E [n|C'R£f>|21L{ — 0.

20)-20)|<0
We can then apply Theorem to obtain the CLT with asymptotic variance

SO . gim [ eGP GO uE-FDY g,
m—r00 0

This concludes the proof. O
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A. Basic tools of Stochastic Approximation

We report the recursive procedure defined in (@) on a filtered probability
space (2, A, (Fn)n>0, P), namely

1 1
Vn>1, enzon,lfEf(on,l)JrE(AMnJar), (1)

where f : R? — R? is a locally Lipschitz continuous function, 6, an F,-
measurable finite random vector and, for every n > 1, AM,, is an F,_1-

martingale increment and R,, is an F,,-adapted remainder term.

Theorem A.1 (A.s. convergence with ODE method, see e.g. H, , , , Q])

Assume that f is locally Lipschitz, that
R, %0 and supE [||AMn||2 |]-'n_1} <400 a.s.
n>1

Then, the set ©°° of its limiting values as n — 400 is a.s. a compact connected
set, stable by the flow of
ODE; =6 = —f(6).

Furthermore, if 0% € ©% is a uniformly stable equilibrium on ©*° of ODEy,
then

On =3 0%
COMMENTS. By uniformly stable we mean that
sup |0(0g,t) — 0" — 0 as t — +oo,
0cO>

where 0(6o,t)s,co=icr, is the flow of ODEy on ©.

We say that the function f is e-differentiable, € > 0, at 0* if
F0) = 1(O7) +DF )0 —07) + (|6 — 7] as 06"

Theorem A.2|§Rate of convergence see M, Theorem 3.111.14 p.131], for CLT

see also e.g. [9,122]). Let 6* be an equilibrium point of {f = 0}. Assume that the
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function f is differentiable at 6* and all the eigenvalues of D f(6*) have positive

real parts. Assume that for some 6 > 0,

sg]gl)E |:||AMn||2+6 |.7'-n71} < +ooa.s., (A1)
and
E [AM’I’IAMT/L | ]:nfl] % Fv (AQ)
n——+00

where '€ ST(d,R) (deterministic symmetric positive matriz) and for an € > 0,

nE |[|Ru)1* 1o, —6-j<ey| — 0. (A.3)

n—-+o0o

(a) If Re(Amin) > %, where Ayin denotes the eigenvalue of Df(6*) with lowest
real part, the above a.s. convergence is ruled on the set Df{6, — 0*} by the

following Central Limit Theorem

n—oo

+o0 ,
Vi (0, —07) 55 N(0,%)  with %= / e/ 2= DO uro(1a/2=DFO) v gy,
0

(b) If Re(Amin) = &, then

1/L(anﬁ*) £, N(0,%) asn — +oc.
logn n—oco

(c) If Re(Amin) € (0,2), then n®eCumin) (9, — 6*) a.s. converges as n — +oo

towards a finite random variable.
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