REPRESENTATION OF A 2-POWER AS SUM OF &k 2-POWERS:
THE ASYMPTOTIC BEHAVIOR

G. MOLTENI

ABSTRACT. A k-representation of an integer ¢ is a representation of ¢ as sum
of k powers of 2, where representations differing by the order are considered
as distinct. Let W(o, k) be the maximum number of such representations for
integers ¢ whose binary representation has exactly o non-zero digits. W(o, k) can
be recovered from W(1, k) via an explicit formula, thus in some sense W(1, k) is
the fundamental object. In this paper we prove that (W(1,k)/kD)'/* tends to a
computable limit as k diverges. This result improves previous bounds which were
obtained with purely combinatorial tools.
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1. INTRODUCTION AND MAIN RESULT

Given an integer m > 2, the m-ary Euler partition problem is a well-known
combinatorial problem dealing with the study of the number of representations of
an integer ¢ as sum of integral, nonnegative and non-decreasing powers of m, i.e.
with the quantities:

o0
(1) b, oo (¢) := #{sequences a,, € NU {0} Vn : Z apm’ = (}.
n=0

The asymptotic behavior of by, o (¢) as ¢ diverges has been described independently
by many authors, such as Mahler [11], de Bruijn [2] and Knuth [9], who have found
it using different approaches that, however, are all rooted in the special form of its
generating function. The same result was also discussed in a paper by Erdés [3],
who proved it with elementary tools, and it can be deduced easily by the general
tauberian theorem of Ingham [8].
Reznick [16] has considered an interesting modification of the problem for the case
of m = 2, introducing a further integral parameter d and imposing the restriction
a, < d to the coefficients in (1); the new sequences are then denoted by b 4(¢). The
parameter d adds a new level of complexity to the problem since the asymptotic
behavior of by 4(¢) changes considerably according to the parity of d: in fact, he
proved that the limit of the quotient log(bs,q(f))/log¥ exists when d is even, but
that, for d = 3, it oscillates in a bounded range [\, A2] with A\; < Ao, and suggested
that this phenomenon should persist for every odd d > 3 with constants depending
on d. This conjecture was recently proved by Protasov [14, 15], who also described an
algebraic characterization of the \; constants allowing their systematic computation
in principle, and their effective computation for several values of d.

Another variation of this sort of problems is the following. We call k-representation
of an integer ¢ any string n = (nq,...,n;) of non-negative integers such that
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Z§:1 2" = {, and U(¥, k) is the number of k-representations of ¢ so that:

k

ULE) = §{n = (n1,...,m), n; ENU{0}Vj: Y 2™ =/},
j=1

The study of U(¢, k) for a given k as a function of ¢ is a problem that has some
similarities with the constants by 4(¢). In a recent paper [12], we met the necessity
for the study of the opposite situation where both ¢ and k diverge. In fact, in that
work, an upper bound for max,{U(¢, k)} as a function of k was the main tool for
the proof of a nontrivial cancellation in certain short exponential sums. Recently,
we discovered that the same quantities already appeared in a joint paper of Lehr,
Shallit and Tromp [10], who proved the upper bound max,{U (¢, k)} < k!2k. In [12],
we proved a better bound using a different approach: we discuss it briefly now since
it is necessary for the comprehension of the content of the present paper.

For every fixed k, the chaotic behavior of U(¢, k) with respect to ¢ disappears when
¢ is selected within a set of integers all having the same number of ones in their
binary representation. This fact suggests defining the quantity:

W(o, k) = . g}%};f{b{(f, k)},

where o (¢) counts the number of ones appearing in the binary representation of /.
There is a simple formula connecting W(o, k) to W(1, k) (see [12] for a proof):

W(o, k) WL, k)
(2) 0= 2 =
ki,....ke>1 j=1 J
k1+"'+kazk

that can also be written in the following iterative way:

W(o,k) “W(l,n) W -1,k—n
k! =2 (n! ). ((kz—n)! )

n=1

The definition of W(1,k) as max,{U(2*,k)} is not suitable for the computation
of its value; however, it has been proven that the maximum is reached for every
w >k — 1 (see [12], but the same result is also given in [10]), and, based upon this
fact, in a joint paper with A. Giorgilli [5] we proved the following recursive formula:

Theorem. Let My, be the two indexes sequence defined as

(3a) My, =0 ifl >k,
(3b) My -1 =1 if k> 1,
21
k+1-—1
3 My, = My, 1< 1
(3¢) kil ;(21—3) k1, fl<i<k

Then W(1,k) = My 1 for all k > 1.

The previous formulas allow us to compute very efficiently the values of max,{U/(¢, k)}
also for large k. This was an important fact that we used widely in [12] for a com-
putational part needed for the proof of the bounds:

(4) (1.75218)% <« max{U(¢, k)}/k! < (1.75772)*.
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A second ingredient for the proof of (4) was the explicit bounds:
(5) 0.3316 - (1.1305)* < W(1,k)/k! < (1.71186)F1 . =16

that we proved with combinatorial tools (Theorem 13 in [10] gives the weaker bound
W(1,k)/k! < 1.8%). Inequalities (4) and (5) were suitable for the applications in [12]
but are not conclusive regarding the behavior of W(1, k) and U (¢, k): numerical tests
show that W(1, k)/k!)/* tends very quickly toward a constant whose approximated
value is 1.19, while the bounds in (5) are far away from this value. According to [10],
this fact was mentioned by Knuth in a private communication with R. E. Tarjan,
where he also suggested the asymptotic behavior W(1, k) ~ c1k*~¢ for a suitable
couple of positive constants ¢; and co. The aim of the present paper is to prove the
following result.

Theorem 1. The limit of (W(1, k)/k!)'/* when k diverges exists, it can be computed
with arbitrary precision, and

1.192674341213466032221288982528755 . . .
1s its value with thirty four correct digits.

Note that this result disproves the Knuth’s conjecture.
From (2), we obtain almost immediately the following generalization.

Corollary 1. The limit of (W(o, k)/k)Y* when k diverges exists for every fired o
and is independent of o (and therefore coincides with the constant introduced in the
previous theorem,).

In spite of this success in the improvement of (5), the theorem is not sufficient to
also improve (4). In fact, the value of o giving the maximum in (2) is essentially of
the same order of k so that (max,{U (¢, k)})/* = (max,{W(a, k)})'/* is affected not
only by A := lim,(W(1, k) /k!)'/* but also by the upper/lower limits of W(1, k) /\Fk!;
in fact, numerical tests suggest that this quotient tends to a number whose value is
approximatively 0.248, but unfortunately, our argument does not give any indication
about the existence of these constants.

The very simple formulation of the theorem is not reflected into its proof, that
is actually quite intricate. Roughly, it runs as follows: we introduce a family of
matrices Sy, and the numbers A, := ||S£TH1/T7 Aoo = limy,o0 lim, oo Ay, and
Ao = lim, o0 limy_, oo Ay p. We notice that Ay := lim, . A, is the spectral radius
of Sy, so that Ao, is the limit of the spectral radii for the matrices Sy; also A, admits a
similar interpretation for a certain element in a suitable infinite dimensional Banach
algebra. Then we prove that A is a lower bound for lim inf,_ o (W(1, k)/k!)'/* and
that Ao is an upper bound for limsupy, . (W(L, k)/k!)'/*; thus, A is not greater
than A, and the theorem follows by the proof of their equality. For this task, we
introduce a second family of matrices Fy(x) depending on a real parameter x and
whose spectral radius is 1 for a unique value z,. The matrices Fy(z,) are very similar
to the transpose of the original matrices Sy, and this implies that the constants x;
are asymptotically equal to 1/4/\; and, hence, tend to 1/y/A. Finally, and this
is the most complicated part of the argument, we show that A, is estimated from
above by (2, 4+ o(1))~2 for infinitely many £ so that As, < Aso. This allows us to
conclude the proof since we have already proved the opposite inequality.

The proof is given in four distinct sections: the general setting in Section 2, the
lower bound in Sections 3 (where the existence of Ao and the validity of the lower
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inequality are proved) and 4 (where A is computed), and the upper bound and the
equality of A, and Ay in Section 5.

It is a tantalizing coincidence that the recent results of Protasov [14, 15] are also
based upon the spectral properties of a family of nonnegative matrices.
Many results that we prove in the following sections are given in a form that is
strictly related to the task of present paper, but we strongly believe that they could
be generalized to other problems: we leave such a general setting to a future paper.

2. PRELIMINARY FACTS

We need to address some terminology and definitions. The symbol []; denotes

1
n
the horizontal vector (%, ﬁ, ...) with ¢ entries, where % is set to zero when

m < 0; I, is the identity matrix of order n and O,,x, is the m x n null matrix;
(n)m is the descending Pochhammer symbol, i.e., (n)g := 1 and (n), = n(n—1)m,-1
when m > 1; |z] denotes the maximum of {n € Z: n < z} and [z] the minimum of
{n € Z: n > z}; given two square matrices A and B of order [ 4 and [, respectively,
and having nonnegative entries, the notation A < B means that [4 < I[g and that
B contains a principal submatrix B’ of order [4 such that the entries of B’ — A
are nonnegative; given a vector u € C" and a matrix A, ||u|| denotes the £'-norm
of w and || Al the £'-norm of the kth column of A; the norm of A is defined as
Al := supjjy=1 [|Au|| and can be computed as the maximum of the norms of its
(0

columns. Moreover, for every integer £ > 2 and for every u = 1,..., ¢, we define Ay,
as the square matrix of order ¢ whose uth row is [5-1]¢ and every other row is zero.
Finally, Sy denotes the square matrix of order ¢2:

(0) (0) ()
e (A0 A0 A0
Tio—1ye O(e—1)e xe
so that, for example
‘ 11 ! !
Ldio oo oo 000 00,00°0
S, — 3121 S — ! b1 01 1
2 = ’1**6T6**0’ ; 3 = 0 0 OLO 0 O\g o3l
,,,,,,,,,,,, St 4t 8t
0 1700 I ! O

The fact that representations differing by order are considered distinct in W(1, k)
implies that it grows at least as k!. It is convenient to eliminate this factorial term
at the beginning, turning our attention to the quotient W(1, k)/k!; for this reason,
we introduce the new sequence Ny := M, ;/(k 41— 1)! so that W(1,k)/k! = Ny 1.
The formulas in (3), when written for Vi ;, become:

(6a) Ny =0 if 1>k,
(6b) Ny g1 = 1/(2k — 2)! if k> 1,
2
Ni—i1,s .
6 Ny = —_— f1<li<k-1.
(6¢) k.l ;(%_S)! H1<Ii<

These recursive relations involve infinitely many variables. We simplify them by
introducing a “cut-off” parameter, but we need a preliminary result giving a weak
upper bound for NNy ;.
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k—3
Lemma 1. N ; < QZT for every k and every [.

Better bounds can be proved with a more complicated argument, but they do not
simplify the proof of the theorem in any stage.

Proof. The proof is by induction on k. For k =1, and for k > 2, [ > k the claim is
evident because Nj; = 0. It is true also for k = 2 and [ = 1, as equality. Let £ > 3
and suppose the claim for every k < k. The claim for [ = k —1 states (by (6b)) that

(2E£2)! < ((12261;!)2’ i.e. that 23 (2,—5:12) > 1, which is true. Finally, for | < k—1 and

by induction and (6¢) we have:
2l N 2l 21_’07173 2]}*[*3 2l (2[) 2l_€+173 9k—3
0

k—l,s
Ney =) (2 <
k=D (20 —s)! — ; (21 — 5)!s!12 < (21)!

s=1

S

For every fixed integer £ > 1, the “cut-off” parameter, let aj; and by; be the
sequences with £ € N and [ < ¢ which are defined respectively by:

(7a) ar, = Nig if k1<,
l
Qk—1,s .

b =) fl<t<k
(7b) g, ;(%_S)! ifl <0<k,
and by:

(8a) by = Niy if k1<,
V4
bi—i s 2k .
(8b) bk‘,l — Z (2lk5_lys)' + (2 + 1)'2 52[>f if [ S 14 < k7

s=1

where in both (7b) and (8b) we have adopted our convention saying that ﬁ =0

when 2/ < s. The numbers a; and by are, respectively, a lower bound and an
upper bound for Ny ;: the first claim follows at once from the inequality N ; > 0,
while the second one follows from Lemma 1, proving that the contribution of the

Ni—1.6 . .
sum Zgl:éﬂ ﬁ to the sum in (6¢) is, at most:

21 21 21
N._ 2k*l73 2k*l*3 1 2k
DS X @R S R 2 G S P
s=(+1 ’ s=(+1 T Tos=0+1 ’ )

The recursive laws (7) and (8) can be written in a more explicit way. Let us extend
the range of the sequences Ny, ;, ar; and by ; to k = 0 by setting Ny, := ag; := by =
0 for every [ < £, and let a; and by in C” be defined for k > /1 as:

Ak o= (@l 1y e ey Al Q115 e e ey Q1 0y Q2,15 - -+ > Qo) |
b i = (Bkty -y bty k115 - s Oh1.6s Dk—2.15 - -+, bh—0) -
Then (7) becomes:
(9&) ay = (N&l, ey Ngyg, fol,ly e ,Ng,l,g, N572,1> ey Noyg)T,
(gb) a, = Spap_1 if £ > ﬂ’

and (8) becomes:

(10a) by := (Nea,-- s Nooy No—11, s Ne—1.6, Ne—2.1, -, Nog) T,
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k

z, if k>4,

where

z:=(0,...,0,1,...,1,0,...,0)T.
—— —— ——
1£/2] [¢/2] -t

As we see, both (9) and (10) are linear recursive relations ruled by the same matrix
Sp. Let Ay be the spectral radius of Sy; it controls the growth of the generic se-
quence a), satisfying a) = Syaj,_,, but the sequence a;, comes with a specific initial
condition (9a), and it is not evident that the spectral radius controls the growth of
this particular sequence. We will prove that this follows by the non-negativity of a,
and the special structure of Sy. Moreover, the inhomogeneous part in (10b) grows
as 28/(¢ + 1)!1?, while, in Section 4, we will see that ), is strictly lower than 1.2. It
follows that, for every fixed ¢, the growth of the solutions of (10b) is dominated by
the exponential 2¥, so no useful upper bound for Nj, can be obtained in this way.
We will overcome this difficulty by taking advantage of the fact that the inhomoge-
neous part contains the term (¢ + 1)!? in its denominator, so it can be small in size
if we allow ¢ to grow with k. In other words, we will be able to prove the upper
bound by exploring the uniformity of the solutions of (10) in /.

3. LOWER BOUND

The matrix Sy is non-negative and irreducible; i.e., there is not a permutation
P such that PS;PT is block-triangular. In fact, this is equivalent to the following
claim (see [19], Th. 1.6).

Proposition 1. The directed graph G(Sy) associated with Sy is strongly connected
for every £.

The following diagram illustrates the claim for the matrices Sy and Ss:

Gs): (DA2EA3) 1D

G(S3) :

Proof. We divide the proof in three steps:

Step 1. It is sufficient to prove that every node j with j < £ is connected to every
node by a path, because every node j with j > £ is directly connected by an
arc to j — /.

Step 2. It is sufficient to prove that 1 is connected to every other node by a path,
because the paths 2 - ¢+1—-1,3 >2/+1—>/¢+1—1,4—-30+1 —
2/ +1—/¢+1— 1, and so on, connect the nodes 2,...,7 to 1.

Step 3. For every r < ¢, there is an arc from r to each node in {(r —1)¢+1,...,(r—
1) 4+ min(2r,¢)}. In particular, for every r < ¢ — 1, there is an arc from r
to (r — 1)+ r + 1 and, hence, a path from r to r + 1 (by Step 1). Linking
together these paths, we get a new path from 1 to ¢, thus proving that there
are paths from 1 to each node in {(¢—1)¢+1,...,({—1){+/¢}. Let g be any
node and let ¢ € {1,...,¢} with ¢ = ¢ (mod ¢); we have just proved that
there is a path from 1 to (¢ — 1) + ¢ and, according to Step 1, there is a
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path from /(¢ — 1) + g to ¢; hence, the existence of a path from 1 to ¢ is also
proved.

O

The irreducibility of S, and the fact that it has a non-zero element in its main
diagonal (the upper left entry in Sy is always 1) imply that Sy is primitive, i.e.,
that S is a positive matrix for some power r (see [19], Th. 2.3). According to the
Perron-Frobenius theorem (see [19], Th. 2.1), the irreducibility of Sy implies that A
is a simple eigenvalue of Sy, and its primitivity implies that every other eigenvalue
has a strictly smaller absolute value. Furthermore, the definition of S, shows that
Sy_1 is a principal submatrix of Sy for every ¢ > 3, i.e., that we recover Sy_; from
Sy by erasing the jth row and jth column in S, for some set of js (for example,
we recover So erasing the jth row and the jth column in S3 for j € {3,6,7,8,9}).
Under this condition, the Perron-Frobenius theorem also ensures that the spectral
radius of Sy_; is strictly lower than that of Sy; in other words, the sequence { g},
is strictly monotone. The sequence is also bounded (for example, by 2, as it follows
from Lemma 4 in Section 5); thus, it converges to a finite value. This fact proves
that Ao = limy_o0 lim, oo Ay p = limy_.oo A¢ exists. Moreover, each )/ is strictly
greater than 1 since Ay = 1.184.. ..

Equation (9b) says that ay = Sé“féag for every k, and (9a) that ay is a nonnegative
(and non-zero) vector: under these conditions, the primitivity of Sy ensures (see [7],
Th. 8.5.1) that the quotient ay/ )\’; converges to a positive vector. This means that
we can write ay1 = (ag+0(1))AF for a suitable constant oy > 0 as k diverges. Based
on the bound W(1,k)/k! > ay,1, we deduce that liminfy_ . (W(1,k)/EDYF > A,
for every ¢, so that:

(11) liminf(W(1, k) /kD)Y* > .

k——+o0
4. CHARACTERISTIC POLYNOMIALS AND COMPUTATION OF )\oo

An elementary computation shows that the characteristic polynomial p(x) of Sy
(which is a sparse £ x £? matrix) can be computed also as a determinant of an ¢ x /
matrix according to the following formula:

pe(x) = det(zle — Sy) = det(weﬂg - (xe—1Ag€) + xE_QAg) 4t mA%)l + Ay))).

If we set

z z 0 0
11 ol
acQ $2 382
a7 57 o 0
3] 2] 1]
3 3 3
(12) Ay(zx) := wAge) + sz;@ +- 4 HTEAEZ) = & o I 0
. 'g;.f ....... ; REREEEE x‘l .......... a;é.
21! (@2 (=3

and qo(z) := det(I; — Ag(x)), then pe(z) = 2%¢¢(1/z) and every non-zero root of
pe(z) can be recovered as the inverse of a root of gs(x). Note that the degree of ()
is (551). Some examples:

333 332
Q2(l‘)=§—?—$+1,

1'6 1'5 374 x3 $2
BE)=—-—+—+—+————z+1,

45 24 6 6 2
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210 29 8 57 26 2 xt 23 x2
= — = — — — — — — — —_ _ _—— — 1
94(%) = 1705 3160 360 504 360 12 s T 2 “Th
210 x4 213 19212 47211 107210 3129 1128

45(%) = 4465125 + 1814400 + 226800 + 680400 + 518400 604800 20160 2520

2027 28 325 ozt 2 2?

510 "0t Te e 2 fth
221 220 9 1018 170327
%(x) = 46414974375 17146080000 1714608000 18860688000 50295168000
161316 841215 97214 82713 169212 21
25147584000 * 1524096000 * 25401600 59875200 + 4989600 120960
130710 6432° 3728 1127 20 32zt 23 a?
+—4—+ =4+ —=-———-a+1

3628800 362880 10080 2520 240 40 8 6 2

The above examples show that g¢(x) and g,—;(x) share the coefficients of the first ¢
powers and that these coefficients are the greatest ones in size; therefore, we expect
that |ge(z) — qv—1(x)| could be considerably smaller than |g,(x)| and |gy—1(z)|. This
is the content of Lemma 3 here below. We need the following auxiliary inequality
that probably has some independent interest.

Lemma 2. Let 1 < a; <ag < ... < ay be positive integers and let a; ; := 2a; — a;,
for every i,5 < k. Let o be an arbitrary but fized permutation of {1,...,k} and
suppose that aq(j) ; > 0 for every j, then:

k k
[Tawist = [T asat
Jj=1 J

—

Proof. We prove the lemma by induction on k. For £ = 1 the claim is trivial, so we
suppose k > 1. The claim immediately follows by induction when o fixes k, hence
we can further assume that o(k) # k. We write the inequality as:

[ 1 a"(j)’jqwz[ 11 aj,j!} ak,k!p

i =1 (k)01 (k)’ i Qo (k) k!
#o 1 (k) j#o~ (k)

ie.,

2y — ay1(s))! !
1 %(j)’jq(aka _a 1'(k)) 2[ 1T %q aj,

oy o—1(k)! i (2a0(k) — ar)!’
j#o~ (k) j#o~ (k)

Since 2ai — ay-1(k) = Ao-1(x) and ap > 2a, () — ak, we can write the inequality as:

(13) [ H aa(j),j!:| (2a, — aafl(k))(Qakaao_l(k)) > [ H aj,j!} (k) (2,200 (1)
j#k Jj#k
i#o (k) j#o~ (k)
Note that 2a; — as-1(x) > ak, hence each factor of the form 2ay, —a,-1(;) —u coming
from (2ay, — ao-fl(k))(Qak_an__l(k)) to LHS is not lower than the corresponding factor
ap —u in (ak)(Qak_Q%(k)) to RHS, when u < min{2ay —2a,-1(y), 2a, — 2a,(x) }. There
are three cases, according to the values of 0~!(k) and o (k).

Case 1: 0~ '(k) = o(k). Then there are as many factors in (2a;—as—1(k)) (2a,—2a 1)
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as in (ak)(gak_2a0<k)) so that (13) is implied by the inequality:

(14) Il ewst= I wst
ik ik
j#o " (k) j#o " (k)
Under the hypothesis 0! (k) = o (k) the restriction of o to the set {1,...,k}\{o~1(k),
k} is a permutation, hence (14) holds true by inductive hypothesis.
Case 2: 07 1(k) < o(k). Then (13) is implied by the inequality:

[ H aa(j)’j!} (205(k) = a‘rl(k))(%a(m—?%fl(m) = [ H aj,j!}
i ik
B 7 H)
Si 2 el ® ity | vl
ince (2a, 1) — ag—l(k))(2ao<k)—2ao,1<k)) i yn—— this inequality is equivalent

to:
(15) |: H aa(j),j!} aa(k:),a—l(k)! > |: H ajVj!] aa_l(k),a—l(k)!-
Jj#k J#k

j#o (k) j#o (k)
Case 3: 0~ 1(k) > o(k). Then (13) is implied by the inequality:
(16) H Qg (j),5! = [ H aj,j!} (2a5-1(k) = k) (20,1 ;) 200 4))-

itk itk

j#o (k) j#o (k)
aa—l(k),k!

We note that (2a5-1() — ax) where a,-1(;) 1 is nonneg-

2%—1(1@*2%(16)) - Ao (k) k!
ative because the assumption o~!(k) > o(k) implies that Ao1(k) e = Go(k) k- Also
Uy (k),0—1(k) 1S nonnegative, because ag (1) o—1(k) = Ao(k),k- We prove now that:

ao‘_l(k),k' !

P (O
Aoy k!~ Ao(k),o1 (k)

(17)

In fact, in terms of the original sequence a; the inequality in (17) means that:

(2&0—1(k) — ak)‘ < aa_l(k)! ‘
(2a5(k) — ar)! ~ (2a5(k) — AGo-1(1))!
Under the condition o (k) < o~1(k) < k it becomes:
(2a5-1(k) = k) (20, -1y 200 (k) < (Go=1(0)) 20, -1 4y ~20,(1))

which is evident, because 2a,-1() — ar < a,-1(3). Concluding, substituting (17)
in (16) we see that also in this case the original inequality (13) is implied by (15).
This means that by proving (15) we prove both Case 2 and Case 3. To this purpose
we define G(j) for j = 1,...,k — 1 as follows: &(j) := o(j) if j # o~ 1(k), and
(0~ Y(k)) := o(k). Then & is a permutation of {1,...,k — 1} and (15) can be

written as:

[T a5t = [T aist

J#k J#k
This inequality holds true, by inductive hypothesis, since it involves only k — 1
numbers. O
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Lemma 3. For every £ > 2 and every x we have:

G‘ZL'|£ n+1 .

(18) ge(@) = aea (@) < S0 [1+ Z 2I"].
In particular,

eC
(19) gl‘fgm( ) = @ (@)l < -5
where C =1+ 3 | V2 Jnﬂ/ '=33.15..., so that:

1

(20) max |ge(z) — go(x \<eCZ—§—<OO5 Ve > 6.

|z|<1

Note that (18) conﬁljms the correctness of our previous remark about the equality
of the coefficients of 2/ with j < £ in ¢y—1(z) and ge(z).

Proof. Consider the representation of gy(z) as determinant of the matrix I, — Ay(x)
(see (12)), that we compute using the Laplace formula with respect to the last line,
obtaining:

¢ .%'Z

q(z) = Z(—1)€+m(6m:z - @T

= m)!

where T}, (z) denotes the polynomial which is the ¢, m cofactor. In this formula
Ty e(x) is the cofactor of the lower-right entry, hence it is equal to the determinant
of Ip—1 — Ay—1(x) and therefore coincides with go—1(x). It follows that:

) ' Tf,m(x)a

¢ .
(21) qe(x) — qo—1( Zl E+mm Té,m@)

implying that:

4
(22) (@) = 91 (0] < [ol’ Y s Tin()]

m=1

To complete the proof we need a bound for |1}, (x)|. For every positive integer n
let P(n) be the set of partitions of n in distinct parts and for every = € P(n), let
M be the submatrix of —Ay(1) that we obtain by intersecting the rows and the
columns whose indexes are in 7. For example,

1/41 1/31 1/1
= (4,5,7) = M,=-—|1/6" 1/5! 1/3!
1/100 1/9! 1/7!

It is easy to verify that:

T (2 —5mg+2[z detM}

n=1 xeP(n
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where Y " means that the sum is restricted to those partitions m which do not contain
m. We bound this sum trivially as:

(2)
(23) Tom(@) <1+ [ 3 |detA4&@]xVﬂ

n=1 7weP(n)

where now the inner sum is extended to the whole set of partitions in distinct parts
(not only to those ones avoiding m). In particular, RHS in (23) is independent of
m.

Let a1 < az < --+ < a} be the sequence describing 7: each entry m;; of —M; is
equal to 1/a; ;! where a; ; = 2a; — a; and where 1/a; ;! is set to 0 when a;; < 0.
By Lemma 2, each product H?Zl My (j),; Which is not zero is not greater than the
product of the terms coming from the main diagonal. Hence the determinant of M
is bounded by k!/a;!---ag!, so that:

k!
det M| < .

al,...,ap
TEP(n a1<7---’<ak
aip+---Fap=n

The strict inequality a1 < --- < aj, forces k to be lower than v/2n, therefore:

2 g n!
Zummg;m > PRE

TEP(n) a?g:::ggk

al+--+ap=n

The factor k! can be included in the inner sum by substituting the prescription
a1 < -+ < ap with the unordered one: a, # a, for every u # v. The resulting sum

| .
can be bounded by > 4. .a,>0 # whose value is k™, therefore we have proved
ar b rar=n 9 k'
that:

V2n n+1
k™ V2n
Z |detM7r| < Zﬁ < Ln'J

weP(n) k=1

Substituting this inequality in (23) and then in (22) we conclude that:

l (g) n+1
1 |V2n]|
L n
(@) ~ aea@) <l 3 oy 1 £ )l B
which gives (18), because anzl (2€Em)! < O

Remark. The last estimations proving Lemma 3 are not optimal and could easily
be improved, although at the cost of some complications in the presentation of the
final result.

Now we show how to estimate the difference |\, ' — A3!|; in this way, we will be
able to compute the value of A, with arbitrary precision (see Formula (24) below).
This is an important point in our proof: the value of A\ will appear in several
explicit inequalities in the next section devoted to the proof of the equality of Ay
and Ay. Some of them need computations that we refer to a software but are
possible only as a consequence of our ability to detect both the value of A, and the
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rate of convergence of Ay to Ao
We know that A, ! is a root of g(z) in (0,1); therefore:

lae(A 1) = ae—1 )] = laeO2) = aeO 1 = I = A7 - gl
where ¢ € (\; ', A, 1)) € (0,1). A bound for [\, !, — A, !| will come from an upper
bound for |ge(x) — g¢—1(x)| and a lower bound for |gj(z)|, both in (0,1). The upper

bound is provided by Lemma 3: suppose we have already computed )\Z,l; then we
know that A, ' < \,! for every £ > ¢, and from (18) we have:

6)\2/6 [1 ++Zo:o L\/%Jn+1

n!

lae(N) — a7 < N ves e

Starting with (21) and using the same argument proving (18), we get that:

w1l o n+1
(@) — dya(e)] < D [t Z w22 op] v
so that in |z| < 1 we have:
400 n+1
e V2n
€)= @) < S Jut D (u+ n)tnﬂ} Vo,
n=1
Adding this inequality for u = ¢ +1,...,¢ we get:
2 2
, e C e’D
where C' is the constant appearing in Lemma 3 and D := %} [V2n)| (e /(n—1)! =

199.64 . ... This formula proves that:

|gy(x) — ¢io(z)| < 0.001

in |z| < 1, for every £ > 10. Since ming¢ (o 1) [¢1o(x)| > 0.678 (a fact which is proved
using PARIgp [13] for the necessary computations), we obtain that |g;(x)| > 0.677
in (0,1) for every ¢ > 10. Concluding, we have proved that:

I N venTt
|A£31—A£1|§(£77£![1+Z%A@"] Ve > 1> 10

and adding these inequalities we finally obtain that:
“+oo

I oo ven|"th
AT 0.6677 UZ " [HZL n'J A }

=0+ n=1

e )\Z_/z_lel//\fl +oo L\/%JTL—H . /
(24) = 0677 (@11 {H;n!Af’ | vesez0

A preliminary computation shows that )\1_01 < 0.839, hence the previous formula with
¢ =10 and ¢ = 30 gives |\zg — \o| < 6.6 - 10735, Computing A3y and recalling
that A3} < A3y we finally have:

Ao = 1.192674341213466032221288982528755 . . .
with thirty four correct digits.
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Remark. Since the minimum value for |gg(z)| in |x| = 1 is reached at z = 1 and is
0.13..., based on (20) it follows that:

lqe(x) — g6(x)| < |gs(z)] lz| =1

for every ¢ > 6. By Rouché’s theorem, this proves that each polynomial g;(x) with
¢ > 6 has a unique root in |z| < 1 since this is what occurs to gg(x); this implies
that each eigenvalue of Sy that is not A, is strictly lower than 1 in absolute value.
This fact and the value of Ao, we have just computed show that there is a uniform
(i.e., independent of ¢) gap between the maximal eigenvalue \; of Sy and the other
eigenvalues. This fact is not an essential part of our argument, but later we will
introduce a new family of matrices that are strictly related to the Sy matrices: the
existence of a gap in the eigenvalues of also these matrices (see Lemma 10) will be
fundamental for the conclusion of the proof of the theorem.

5. UPPER BOUND AND EQUALITY OF Ay AND Ay

We start with a simple but important remark: in each column of Sy there are two
non-zero entries, at most; in the first and the second column these entries are equal
to 1, while in the other columns one entry is not greater than 1 and the second one
(if present) is equal to 1. Hence, we have proved that:

Lemma 4. Ay = ||S|| =2 for every £.

The number 2 is not an eigenvalue of Sy because each )\, is bounded by A, whose

value is 1.19.... Hence (10b) has the solution wj;, = 2¥w, where w is W[HZQ -

%Sg]_lz. We need a bound, uniform in ¢, for the size of w, but the definition of
w in terms of Sy is not suitable for this purpose as a consequence of the previous
lemma. We can overcome this difficulty by exploiting the special structure of Sy in
the following way. For each vector y € (Cﬁ, let ™4 in C be the projection of y
along the first £ coordinates. The last 2 — ¢ entries in 2z are null and the last £2 — ¢
rows of Sy are (Ip2_g, O2_g)xe); hence, w has the form:

wred
,wred /2
(25) w = o ,
,wred/2€—1
where w9 satisfies the reduced system:

I I 1 r
w ed _ Az(%)w ed 4+ (g - 1)'2z ed

and therefore:

1 — re
w = m[ﬂe — A($)) 2

In this way, w has been related to the inverse of a different matrix, and this new
relation allows us to prove the following bound.

Lemma 5. |Jw| < %, uniformly in k and €.

Proof. By (25) it is sufficient to prove that ||w™?|| < 1/¢!? uniformly in ¢. The col-
umn in Ay(z) having the greatest norm is the second one (this is evident from (12))
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whose norm is Zf;;é |z[*+1/(2s)!. Hence ||A,(1/2)|| < Ch(1/4/2)/2 < 1, indepen-
dently of £. As a consequence, (I, — A¢(3))~! is given by the usual power series in

Az(%) and
(I — Ag(3)) Ml < . S - v
1= Ad3) ~ 2 Ch(1/v2)
Therefore,
red 1 1\\—1 red 1
l[w™d|| < m“(ﬂe —A() I 12 < n

The difference vy, := by — wy, satisfies the homogeneous system:
vy :=by—wy, vp= Spvp_q vk > E,

therefore v, = S(?_Kvg. The vector by is defined by the entries of Ny ; for k,1 < ¢
(see (10a)); hence, |by|| < 2¢ uniformly in ¢ in accordance with Lemma 1; this bound
and Lemma 5 give for v, the bound ||v/|| < 2°. We need an analogous upper bound
for ||vg|| when k& > ¢. The norm of Sy is larger than its spectral radius A, so there is
no possibility to prove that |Jvg|| < )\1242[ . However, for every positive integer r, we
have the identity vy = Sf_zw = () Lk=0/r](Gy)rllk=0O/r=Lk=O/r]ly,; vecalling that
A= [|S5|"/" > 1 and according to Lemma 4, we deduce that |jvg| < Afo”T.
Adding the bounds for v and for wy, we obtain for the solution by of the original
system the bound Aﬁz@”r + Z—Z, uniformly in £ and ¢; thus, there exists a positive
constant a such that:

2k
b1 < a[Af;@”T + 7]

012
producing the bound:
ok 11/k
(26) (bk,l)l/k < al/kAr,Z |:2€+r + ﬁ}

We do not obtain any useful bound if we keep r and ¢ fixed in (26) when k diverges,
and some kind of uniformity in these parameters must be exploited.
We know that S;_; < Sp; hence, ||S;_;|| < [|S)]| for every ¢ and r: according to
our notation, this means that A,,_1 < A, . Moreover, A, < Ay, = 2 for every r
and /; hence, limy_, A, exists for every fixed r: we denote it by A, . We take
¢ = |k/(2logy k)| in (26). Then, 2¢ < 2K/ (2log2k) and 2k /012 « oklogloghk/logk 4
that, by taking the limit k& — oo, we conclude that
(27) lim sup(bg1)/* < Ay oo V.

k—o0
LHS in (27) is independent of r; hence, we look for that value of r giving the better
upper bound. The following lemma shows that an optimal r does not exist and we
get better bounds as r is larger.

Lemma 6. The limit Ao = lim, oo Ay oo exists and is lower than each Ay .

Proof. For ¢ > 2, let M, be the set of matrices £2 x ¢2, considered as Banach space
with respect to the norm || - |. Let M be the subset of sequences (Ma, Ms,...) in
@¢ M, for which sup, || My|| is finite. This set is an algebra with respect to the point-
wise product and sum and becomes a Banach algebra when we introduce the norm
Il(Mz, Ms,...)||| :== sup, || M||. According to Lemma 4, the collection (S, Ss,...)
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defines an element in M. The norm (in M) of the rth power of (Ss,Ss,...) is
supy ||S7 ][, and this number is A7 . (because |57 = A7, and Ay pq < Ay for every
r and £). Then, the existence of the limit of A, as r diverges is now a direct

consequence of Gelfand’s formula for the spectral radius of the element (S, Ss,...)
in M (see [18], Th. 18.9). This fact also proves that Ay, < A, o for every r. O

Lemma 6 and (27) give the upper bound:
(28) lim sup(W(L, k) /kDY* < As.

k—o0

Given (11) and (28), we will prove the theorem by proving that Ay and Ay are
equal. The construction we have used to prove Lemma 6 suggests a possible way to
reach this goal: by definition, A\ is not lower than every spectral radius Ag; hence, if
X € Cis fixed with |A| > Ao, then every matrix (A2 —Sp) ™! exists in M,. However,
the sequence ((Aly2 — S2)~ !, (M52 — S3)71,...) defines an element in M if and only
if the norms ||(Al2 — S¢)~!|| are bounded. If we can prove this fact, then we can also
conclude that A, the spectral radius in M of (S2,Ss,...), is not greater than |A|.
Given the arbitrariness of A, this means that Ao, < A (and, hence, that Ay, = Ao
because the inequality Ao, > Ay is evident). The argument can be easily reversed,
thus proving that Ay, equals Ao if and only if ||(Al2 — S¢)~!|| is bounded in ¢, for
every A with |A] > As. However, we have no simple argument proving that those
norms are really bounded, and the proof of the equality of Ay, with Ay, proceeds in
a different way.

The following proposition shows that the value of ||S}|| grows with ¢ but becomes
constant for £ > 2r for every fixed r (greater than 22, but only as a consequence of
some technical assumptions); this claim is essentially a generalization of the previous
Lemma 4. An explicit bound for A, o is deduced.

Proposition 2. Let d;, fori >0 and u > 1 be defined as:

1
(29) din=0 ifu>2i diw= Y el (I +dirr)  ifu<2i

Then, for every r > 22

T T _ 1
(30) Ao =S50 =1+ r;lgg{;o G (1 A1 rgin) |-
Moreover, we have the bound:
(31) A7 o = IS5l < 14 Ch()(1 + maxd 1),
J T

With a bit of extra work it is possible to prove that the range for j in (31) can
be restricted to the even integers lower than r/2; moreover, our computations show
that for » < 3-10* the maximum is actually attained at j = 2, but we have not been
able to prove that this is true in general.

Proof. We split the proof into several steps; the first ones (1-7) prove that the norm
of Sj is independent of £ when ¢ > 2r so that A7, = [|S3,||, while the last step
proves formula (30) giving [|.S5, || in terms of the sequence d; ,,.
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Step 1. Let £ be fixed and let A( ) be the double sequence of square matrices of order

(32)

Step 2.

¢ defined recursively as:

0 .
0 ._)A;7 ifj <t ) GGCING
AY = {Ozxz ey AY, = AAl A
Then, for £ > r we have:
¢ ¢ ¢
A A A
i e o
sl w
Ajn o A Ay
Tio—rye O(o—rye xre

This fact is evident when 7 = 1 and can be proved by induction on r using
the decomposition of Sg“ as S)Sy.

Let B((fj). := Oyxy for every j, and B( When r > 1. Then:

O N 40 40, N 40
Byj=Y A=Ay + Y A
k=1 k=2

thus

Zkl

:A(g +2Ak1 1j +ZA,”+1,

BY) = (L, + B2, Al + BY

r—1,j41°
Iterating this equality we get also that:

- ¢ ¢
= Z(Hf + Bf« )k 1)A§,;+k—1'
=1

)
B,

The interest for the matrices Bﬁ? comes from the identity:

4
ai=1+maxj<i | B

)

|57 1| = max{a, 3}, where {

l
B = max;s | B |

which follows by (32) and the fact that the matrices Ai? are nonnegative.
For every r and j, the kth column in Bf,? is null when k& > 2r 4+ 25 — 2.

Proof. By induction on r. When r = 1 the claim holds because ng). =

Ag@. = Ag.é) has a unique non zero row, the jth one, and this row is [Tlfl] )
whose kth entry is zero if k > 2j. Suppose the claim holds for r, and that
k> 2(r+1)+2j—2. By (33) we have:

HB(E)

e =114 + HB“)A“)Hk +(|BY

,]JrlHk

= ||A1,j||k + WHBT,I 5+ ||Br,j+1Hk:-

In this decomposition HB%) 11 ||k is zero by inductive hypothesis (because k >

2r+2(j+1)—2), and also HA ”k and W are zero, because k > 2j. [0



Step 3.

(36)

(37)

Step 5.

(40)

Step 6.
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From (33) we obtain that B£7) (I + B( ))A(g) + B£?+1, because every Asf])-
is nonnegative. Iterating this inequality we get

BY) < (1, + B (Al + - + 4.

By (35) we know that I, + B{7| < [[S7]l, and A + - + AY)| is lower
than Ch(1) — 1 when 2j > ¢+ 2, hence the previous 1nequality gives:

IBEI < (Ch(t) = D)[[S7[l, if 25 > £ +2.

We do not know the exact value of ||Sy||, however [|Sy|'/" is always greater
than A; (the spectral radius of Sy) and this sequence grows with ¢, hence
|SF|IY/" > Ao = 1.184.... Therefore, if 7 > 6 we have ||S}| > A\§ > (2 —
Ch(1))~! and from (36) we get that:

1+ B < 1S7]l when 2j > €+ 2 and r > 6.
This means that for £ > 27 and r > 6 in the formula (35) for the norm of Sj

only the matrices Bﬁ j) with j < [¢/2] matter, and it becomes:

IS/l =1+ max ||BT ‘[ =1+ max maXHB ||u, when ¢ > 2r, r > 6.
i<re/2 i<[e/2) u

. We prove that:

BN
B(E) (OM *> when ¢ >r 47— 1.
1x0—1

Proof. By induction on r. When r = 1 the claim follows at once by the
definition of Ag-e) and the equality Bg? = Ag-e). Let the claim be true for r
and suppose that £ > (r+ 1)+ j — 1. Then £ > r 4+ (5 + 1) — 1, therefore
the last row of B£ 1), A(e) nd Bf J) 41 is null and the claim for qu jzl ¥ follows
by (33). O

()

From (34) we have for the norm of the uth column in B,/ the representation:

r4+7—1

¢ 1
HB,(,J)Hu: Z m(l"‘”Brﬂ 1= llr)-

K=]
In this sum the terms with x < u/2 do not contribute, hence:

r4+7—1
! 1

O _—
1Byl = ; - Gy L IB ) Yt
K=max{J,|u

This formula shows that ||B Hu depends only on r + j when j < [u/2]; i
particular, ||BTJ |l = ||Br+j—1,1Hu when 7 < [u/2].

By (38) we can restrict our attention to the matrices Bﬁ? with j7 < [¢/2].
Under this assumption and furthermore assuming that » > 22 and ¢ > 2r,
we prove now that 1+ HBM le < ||S7]], i-e. that the starred column in (39)
does not contribute to the norm of S; and can be neglected.
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(41)

(2u+2 _

it 0>

Step 7.

(42)

(43)
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Proof. When j < [£/2] we have HB(K)Hg = HB%Z] 1.1lle; by Step 5. Further-

more, by (40) we see that in order to evaluate HBT(._QJ 1

HBT {i—1-rallx: this suggests an iterative process, here. For every integer ¢,
we define the constants h; and k; as:

1 |le we must evaluate

=/, ho=r+j—1,
€ [[Ke-1/2] ; he—1], he = hi—1 — K.
Then, by ( 0) again, we have for every t > 1 that:
“ 1
”Bht allkes = _Z m( ‘|’HB 1Hm)
wr=[ri—1/2]

Suppose that (2471 —1)k;_,, > 29T1hy_,, holds for some integer u € [0, — 1],
then k; > 2h;. In fact, this is evident if v = 0, and

Digmu-1 > 220y = (2471 - 1)% > 2" (hyy1 — Ht_gu_l)

which implies that (24T — 1)k, > 2%F1hy_y; the claim follows now by a
descent argument on u. In particular, if (28 — 1)k; > 2thy, then xy > 2hy

(take u =t — 1 in the previous argument). Since k1 > [£/2] and hy < r —1,
we obtain that x; > 2h; when ¢ > % (r — 1), so that HB(Z)lHM =0 (by
Step 2), under that hypothesis. By induction on ¢, using (41), we deduce

that:

2t+1 ©
if ¢ > or 1 (r—1) then [B} s <,

where ; is the sequence defined as:
10 =0, Yop1=(1+7%)Ch(1) Vs> 0.

Hence we have proved that:

2+t ) (0) Ch(1) t
— B\, = <
. (r—1) then B, jlle= Bl < Ch(l) 1 (Ch(1))",

because 5 < Ch(l())l (Ch(1))® for every integer s. Moreover, [|Sy|| > A} and

Ay = 1.184..., therefore if r > +25241 1 10 then
Ch(1
L B 14 o i (Ch(D) < X < S|
Ch(1) -1
We have obtained this inequality under the assumptions ¢ > Qt 1 ( —1) and
r > t% + 10, and these inequalities hold for some ¢ when ¢ > 2r and
r > 22. O
Let £ > 2r +1 and r > 22. Then by (38) we have both
{—
ISiall 1= _max max B,

J<[(e=1)/2] ust—1

and

0)

ISyl —1 = max max||B
j<[e/2] ust
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(44)

(45)
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In (42) we can extend the range of j to j < [¢/2]: this is evident when /¢
is even, thus suppose £ = 2¢q + 1 for some integer ¢ > r. The extension to

Jj < [¢/2] adds a unique term to the range: that one with j = ¢ + 1, but
IBY DN < 1S5, Il — 1 by (37), because 2(g +1) > (£ — 1) +2.
Moreover, by Step 6 and under the present assumptions we have HB,(,EJ)HE <

|S7]|—1, therefore in (43) we can restrict v to v < £—1. Furthermore, by (39)

we have also that HB(QHU = ||B(e._1)||u when v < ¢ —1: these remarks prove

that RHS in (42) and (43) are both equal to max;<;/9max, <1 ||B Hu,
so that the equality ||Sy_,|| = ||S}| follows.
Let r > 22; the previous steps and (38) prove that:

Ao = 185,11 = 1+ maxma | B .
i<
We prove now that in this formula we can restrict v to the unique value 27,
i.e. that:
2
A oo = 185, = 1+ max B ;.

In fact, when u < 2j, by (40) we have:

r+j—1

: 1
||B(2 lu = Z m(1+||3r+] 11 llx)

K=]

+j—1
<3 @B, 0= 1B
= o (2r — 2)! r+j—1—x,1 = 255

so that the columns of index below 2j are dominated by the 2jth one. More-
(27") (2r)
gives [[A,7 lu > ||A

r, j and u. Iterating this 1nequahty we get HAM |l > HAl rriotlle =

over, the recursive law for A for every

r—1 ]—&-1”“

m proving that ||A ”u is always strictly positive. This implies

that [|S5 1| is strictly lower than |S5,.I|. In fact,

155, = 115524 by (44),

=L+ max B V) by (39),

<1 +max|rB£22’J|| by (39),
I<r ’

27”) H

<1+ max HB because HA Hu > 0 for every r, j and u,

= IISQTH by (38).

Suppose now u > 2j (and then j < r). Then HB(2T)||U |’By(~2j1),j+1||u by (40),
and by (38):
1S5 =1+ max max 1B

so that HB(2T1)J+1Hu < ||l H — 1 when j < r. Therefore, under those
assumptions we get:

2 — .
L4 Bl = 14 1B 4l < 115511 < 1195, ], when w > 2;.
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This shows that in (44) only the columns u < 2j matter, so that (45) is
proved.

Introducing in (45) the formula (40) for ||B£2;)||2j we get:

r+j7—1

2
Ao = IS5 = 1 maxd 37 oo (11831l |
K=j

which becomes (30) by setting d;,, = HB,L.(?{)HU: the recursive law (29) for
d;, is an immediate consequence of (40). At last, the bound in (31) follows
by (30) and the fact that d,—1—y j+rx < dp—1 j4x for every r,j and &.

0

The previous proposition reduces the search of an upper bound for A, to a search
of an upper bound for d;,. The recursive definition (29) suggests the need to look
for a bound of the form:

(46) diw < B Vi,u.

In fact, it can be proved with @ = 50 and 3 = 1.8. However, the values of d;,
for fixed ¢ and w varying in 1,...,2¢ manifest a very complex behavior that is not
captured by any bound of the form (46). For example, the following picture shows
that the quotients d; y+41/d; have a complicated and band-like structure:

1.4

08

0.6

0.4

0 | | | |
0 2000 4000 6000 8000 10000

FIGURE: values of d100007u+1/d100007u for u < 10000.

Moreover, similar pictures with different values of ¢ show that this structure is es-
sentially independent of the value of ¢ when it is large enough. These facts suggest
the existence of an upper bound similar to (46) but with a coefficient o which is a
periodic function of u, i.e., the existence of an integer ¢, of an ¢-periodic function
a: N — RT, and of a constant 3, such that:

(47) dig < Ge(uw)B; Vi, u.
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If this bound is confirmed, then due to the boundedness of the coefficients ay(u) and
via (31), we can conclude that:

Suppose that for certain ¢, a; and [ the upper bound in (47) holds up to i — 1, with
¢ > {. Then, the recursive definition of d; , gives:

i

di < Ch(1) + Z (dz—"”

2k —u)!
k=[u/2]
4 - ﬁi—rs
H—(u/ﬂ ‘
too ﬁi—n
< Ch(1 +Zaz > T

K> [u/2]
k=7 (mod ¢)

< Ch(1) + '~ "/2Zaz S8

where
too 2k—u too K
. E : z _ § : T _ 20
Kk>[u/2] ’ k>max{0,2j—u}
k=7 (mod ¢) k=2j—u (mod 2¢)

Hence, the inequality d;,, < @,(u)3® holds whenever

J4
Cl;( )—Fﬁ u/QZ Z(j)Fu,j(ﬁ 1/2) < ap(u) Vu < 2i.

J=1
The constant (3 is certainly larger then 1, ay is ¢-periodic by hypothesis and F, ; is
2{-periodic in u, therefore the inequality will follow at once if

(49) Chﬁ “/QZae BV <ap(u)  u=1,...,2C

Suppose that ¢, ay : N — C and [ satisfy:
(50) U/on‘f BV <ap(u)  w=1,...,2C

then it is always p0881b1e to set a positive constant  such that (49) holds with
ay = yay; furthermore, v can also be chosen large enough so that the inequality
diw < &y(u)B holds for every i < ¢ and u < 2i. Thus, if we are able to find ¢, ay
and (3 such that (50) holds, then we have immediately an inequality of the form (47)
and the upper bound (48). This means that our goal now is to find ¢ and oy such
that (50) holds with 3 as small as possible.

The inequalities in (50) can be written in a more compact way. Let F; and F; be
the square matrices of order ¢ defined by:

Folw) = (@ Fuj @)ty o Fel) = (@ Fu(@)2 1
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Then (50) reads
(51) Fo(z)a® <a®  and Fi(z)a® < a®,

where a!®) denotes the vector (ay(1),...,ap(¢))7, and z = 1/4/B. This means that,
for a given ¢, we are looking for an = such that (51) holds true for some vector a(¥)
with positive entries. The next result shows that we can satisfy the first inequality
in (51) with an x arbitrarily close to 1/v/A if £ is large enough; the next main
difficulty will be proving that, under some circumstances, the same values also satisfy
the second inequality.

Lemma 7. There exists a unique xy € (0,1) such that Fe(xy) has 1 as eigenvalue
and a positive vector a® gs etgenvector. Moreover,

1.1 sa2e\t
52 —1//am| < 7(7) Ve > 16,
(52) o0 =1/l < G (2 >
so that zy tends to 1/v/Aso as £ diverges and |xy — 1/v/Aoo| < 1073 for every £ > 16.

It is convenient to introduce Z to denote the constant 0.917, so that Lemma 7 and
the explicit evaluation in Section 4 imply z;, < Z for every £ > 16. Moreover, here
and later in Lemma 10, we adopt the notation f(x) = O(g(x)) as equivalent to

[f(@)] < g().
Proof. The matrix Fy(x) coincides essentially with the transpose of the matrix
Ay(z%), which is defined in (12). In fact, the u,j entry in A/ (#2) coincides with

(20 (x) when 2j —u > 0 and is 0

the first term of the power series representing "G, i

otherwise so that Fy(z) — AJ (2%) = By(x) with:

u Z y
By(z) :== {z Ggﬁ%—u(m)}iil,y’:l’

We notice that:

+oo 26+2j+2¢t 202
53 uG(ZZ) ) — r < G(ZZ)
(53)  2"Gyyin;_(2) ; (20+ 25 —u+206) =~ (20425 —u)! © (@),
and that:
+oo  op +oo  op z2¢
(20 _ T L e 1 et -1 <9
Go (@) ; el =T o ; t! T =

for z € [0,1] and £ > 1, so that each entry in By(z) is lower than 2x%¢/(¢ + 2)!.
Now we compute det(I, — F¢(z)), i.e. det(Iy —.A] (2?) — Be(z)), using the Laplace
formula with respect to the last column. When, in this formula, we take only
elements in AJ (2%), we reproduce det(I, — A/ (z?)), which is go(2%). Therefore, the
difference det(I — Fy(x)) — q¢(2?) is due to the terms coming from By(x). These
terms contribute in two different ways. The first contribution is of the form:

l

Z[B@(x)]%g - {u, l-cofactor}.

u=1
The second one is of the form:

¢
Z[H T ( 2)] . {terms of the u, f-cofactor containing }
¢ A\ )]ul "\ at least one factor from By (x) '
u=1
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The absolute value of every wu,j entry in I, — Fy(x) is lower than 2 when u €
{27,2j — 1} and than 1 in each other case; hence, using the Hadamard inequality
(see [1], Th. I1.3.17), the cofactor in the first contribution can be bounded as (2% +
22+ ¢ —3)=1/2 while the terms of the second contribution are bounded by ¢2(22 +
22 4 ¢ — 4)=2)/22220 /(¢ 1 2)! (because there are (¢ — 1)? possible choices for the
position where the By(x) is taken, every such term is bounded using Hadamard, and
each entry in By(z) is lower than 222¢/(£ + 2)!). As a consequence,

| det(Iy — Fo(x)) — qe(2?)]

l
222
< (=172 22 (=2)/2
Using (53) and recalling that ¢! > e(ﬁ/e)e, we get:
¢ 4 e e 20 202 =2
4
2x €+5% {Z _i)} 2005 (0 +4) 2
= (40— ) (20 —w) 14 (£+2)!

< 265/2$4€<(6/3) ) 224 ( e? >f+ 2ex?! (iy
T VE+5 1\ B2 (€+1)2\g3/2 (+4\\/¢) "
This bound proves that:

det(ly — Fo(@)) = qolz?) + 6((2)6) Yz € [0,1]

when ¢ > 16.

This identity shows that det(I, — F(1)) is negative when ¢ > 16 because gy(1) <
—0.08 for every ¢ > 6 (based on Lemma 3, we know that |g,(1) — gs(1)| < 0.05 when
¢ > 6 and a computation shows that ¢s(1) < —0.13), and (%)Z < 0.01. Therefore,
the equation:

det()\ﬂg — .7:@(1)) =0

admits a real solution A greater than 1 and the spectral radius of F(1) itself is strictly
larger than 1. Since the spectral radius of Fy(z) is a continuous and monotone
function of z (as a consequence of the Perron-Frobenius theorem) and since F;(0)
is the null matrix, we conclude that there exists a unique 2, € (0,1) for which
the spectral radius of Fy(xy) is equal to 1, at least when ¢ > 16. According to
the Perron-Frobenius theorem, 1 is an eigenvalue for Fy(xy), and its eigenspace is
spanned by a positive vector a®). Finally, the relations:

0 = det(l, — Fo(we)) = qo(z2) + O((%)Z) and 0= g\

give:

O = B(6) = ) - ated) =0 (2)'),

for a suitable ¢ € (0,1). The derivative of gy(z) is greater than 0.677 uniformly in
z € (0,1) and ¢ (see Section 4), and [\, ! — AJ}| < 0165717(2) as ¢ > 16 (by (24)).
With the previous inequality, we get:

e = V1/ Ao ’—0677[(3%\/;) +1'51<§>q'
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For ¢ > 16, this inequality shows that z, > /1/As — 1073. We get (52) by
substituting this lower bound in the previous inequality and using the value of Ay
we computed in Section 4. O

Given the result in the previous lemma, our strategy is now evident: proving that
the eigenvector a¥) also satisfies the second requirement ?g(ﬂ:})a(@ < a® for a
suitable zj, < x; with zj, — z; = o(1), at least for infinitely many ¢. We will reach
this goal with a careful analysis of the matrix F.

From now on, we assume that ¢ is even. We write

He(x)  Ke(z)
A s (700 50)
where each submatrix is a square matrix of order £/2. For x € [0, Z] we have:
L2
(€/2+ 1)V
: . ¢ 4 4
Moreover, as a consequence of the identity G )(:U) e )(a:) + G((H_)%(I) we get
the important relations:
Fo=Har+ Ko,  Fo=Tor+ Loy,

which suggest that it will be possible to study F, via a careful study of Fy,. This is
the main motivation of the next lemma.
Let Jy be the square matrix of order ¢ whose entries are equal to 1 and recall that:

AJy < ||AT||J4, JyA < HAHJ[, JoJp = Ly,

for every square matrix A of order /.

IFell, Hell, 1771 < e, IKCell < IZel < ex®/?,  |ILel| < 2",

Lemma 8. For every { > 64, for every k > 0 and for every x € [0, Z], we have:
2e)?
F3 (z) = My (@) + O(((e)+1>' )Je O(((e)+1> )Ji
O((2¢)* ) Jy 0((2¢)%2*).0,)
and
(0 +1)! )JE'

Proof. By induction on k. Let ag, bg, ¢ and dj, recursively defined by ag = 0, by = 1,
Cop = ¢€, d0:1and

F' (@) =M () + O

Qpt1 = 2e2kak + ai% + brepztl
bryr = bp(e2" + ap®y + dpa?t)
Cos1 = cpe?” + ak%e + dya?tr)
dip+1 = bkck% + d%:vﬂf.

vk > 0.

Then the equality:

2 H3y + O (ak (z+1)l)=] O (b (e+1)v)J€
O(Ckl‘ )Jg O(dkxw) Jg

is proved for every k, as a consequence of the equality .7-" (.7-'222C )2. The inequal-
ities ap < (2¢)2°71, by < (20)271, ¢ < 1(2e)? 2" and dk < (2¢)2*~! hold for k = 0
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and k = 1 (here the restriction = € [0, ] is used). By induction, let the inequalities
be true for a £ > 1. Then, the inequalities will be true also for k + 1 if:
—2k ¢ 1.6
22 + gt da't <1
-2 2
21 +1 %‘% +5.0°0 <1
2

201 + %ZII / S 1.
Since we are assuming k > 1 and x < Z, it is immediate to see that these conditions
are true for every ¢ > 64. This concludes the proof of the first claim; the second
one is proved in similar way, using the identity Fy(x) = Hop(x) + Kos(x) = Hop(x) +

J— 2

The previous lemma shows that ]:fk and the first £ components of .7-"22; are very
similar. Let 1, denote the vector (1,1,...,1)T with ¢ entries, and given a vector v
with an even number of entries, let v+ and v~ be the first (second, resp.) half part
of v, so that v =: (”+)

Lemma 9. For every { > 64 and for every k > 0,

[ (20)1] T a1, = 0(52(26)2’“(9? “)1,.

Proof. By Lemmas 7 and 8 we know that:

(54) [fgf (3«“%)124 - F (x)10 = [ng (w3¢) — My (w0) + O ((26)2k gjﬂ 1,

when ¢ > 64. Now, let A and B be square matrices, then for every k:
k k k_
1A% — B> [1] < (A + [ BTI)* ~HIlA - BI]l,

where |C| denotes the matrix whose entries are the absolute values of those ones of
C. This identity can be proved by induction on k starting by the equality A% — B =
A(A — B) + (A — B)B implying the claim for k& = 1.

Using this bound for A = H%Z({L‘gg) and B = ng (x¢), we get:

(55) M3 (w2e) = M3 (we) 1l < (20) [ Haelwae) — Mool [1e].

Moreover,

(56) Hae(xae) — Hae(ze) = O (Lo — x) Jo,

because the derivative (l’ung-e_)u(l‘))/ = um“_ngj.é_)u(x) + m“GgZ_)u_l(m) is bounded
by e(¢{ + 1) for u < ¢, j < 20 and = € [0,1]. The claim follows by (54-56) and
Lemma 7. ]

To fully exploit the identity in Lemma 9 we need to understand the behavior of
the powers of Fy(xy) when they are applied to the vector 1y. According to the Perron
result, this sequence converges to an eigenvector of the 1-eigenspace. We need to
know the rate of this convergence; for this purpose we need a bound for the second
(in size) eigenvalue of Fy(xy). There is a large body of literature addressing this
problem (such as [4], [6] and [17]); nevertheless, these general results, when applied
to the matrix Fy(z¢), produce bounds that are too weak for our purpose. Thus, the
following lemma is an essential step in our argument.

Lemma 10. Let ¢ > 32. Then, the eigenvalues of Fy(x) not equal to 1 are smaller
than 1/2 in absolute value.
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Proof. Let go(z) := det(Ily — xFp(xy)). According to the definition of xy, x =1 is a
root of gg(z) and the claim is equivalent to the fact that every other root of g is
greater than 2 in absolute value. We prove this fact as a consequence of the Rouché’s
theorem applied to the inequality:

(57) |@(z) — gs2(x)| < |gs2(z)]  |z[=2

that we prove using an approach similar to that one for Lemma 3, and the circum-
stance that 1 is the unique root of gs2(x) having an absolute value lower than 2.
More details will be given later.

We recall the decomposition Fy(z) = A] (x2) + By(z) that we already used for the
proof of Lemma 7. The matrices .AZH(@“?) and A/ (z2) are quite similar; therefore,
we compute g1 (x) putting in evidence the part Iy, —ﬂsALrl (2 1), which is similar
to the analogous part appearing in gy(x), and we write:

Qrr1(x) = det(lops — 2Fp(2e41)) = det(les — 2AL (27) + Copa ()
where
Copr(2) = Al (27) — 2 AL (2F41) — 2Beyr (@er1).

For £ > 16 we can assume xy < Z, by Lemma 7. Therefore, the u,j entry in Cpqq is
bounded by:

(R,
x
(25 —u)! (2) —u+20+2)!
and since 2j7% ! < 4.63 for every j, we deduce that each entry is bounded by:
2j4+25
1.63Jp41 — el + )
el (163ken — 2l + gy
3_326 Y4 i.2e g+1 2@4"(‘2(
< Jof(463 - 17(2 ) +4.63-1.7( )+ )
o Vi Vi1 (¢+3)!

< 16Iw!(j\j§)é,

a quantity that for convenience we denote by A. Hence,
Goi1(x) = det(lppy — 2AL (2F) + O(N)Jppa)-

Now we expand the determinant in powers of A. The coefficient of A is bounded
by the sum of the determinants of the principal minors of I, — wAZH(m%) having
dimension ¢ + 1 — k. Each minor can be estimated via the Hadamard bound as:

{+1
< H (1 + || ||jth column in AT(22)[2) < H(l + || [|7th column in AT (x3)||2).
J€ minor j=1
Since
) {+1 A
|jth column in AT (22)[2 < xzj(z 1/(25 — u)!2)1/2 < xgj\/é,
u=1

each minor is bounded by:

\
1— 2

41 ' 0+1 ' iz EQ\/E
[T+ [al2f?ve) < T] exp(lefve) < exp (1)

j=1 j=1
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so that:

Qo1 (@) = det(Iess — AL, (23)) + O<§)\k (zz 1) - (W)>

1—z2
k=1

x|Z%\/e
= det(lpyq — a:A}H(x%)) + 6(((1 + 0 1) exp (M))

Computing det(Ip4; — xAZH(a:%)) via the Laplace formula with respect to the last

column, we get det(I, — x.A] (z7)) (which is obtained as cofactor of the £+ 1,£+ 1
entry), plus a quantity R coming from the contribute of the other terms in the last
column, and that therefore can be bounded as:

1 =20+42
|R| < Z m - |cofactor of u,f + 1 entry]|.
u=1 ’

=2
The previous argument shows that the cofactor is bounded by exp (mx ‘/E), thus:

1-z2
extt? |z|z2\/e e\’ |z|z2\/e
< < |({— —_—s ).
7] < (0+1)! eXp( 1— 72 ) - ( ¢ ) eXp( 1—z2 )

In this way we have proved that:

(58) (o) — det(ls — A () = O(((1+) — 1+ (2)) exp (HEEY).

An analogous argument shows that:
—2
(59) @) = det(le— 2 AT (a)) + O(((1+ X' = Dexp (M))

with
2

= (€2+xl) ()"

(@)~ @] < (N =1+ (55 + (4 XY = 1) esp (2250),

By (58-59) we get:

Adding these inequalities we get:
(60) |Ge(2) — ga2(2)] < 0.02 |z = 2,

for every ¢ > 32.
On the other hand, the polynomial gs3a(z) can be computed explicitly (with PARIgp),
and only the powers < 3 have significatively large coefficients. In fact,

G32(z) = 1 — 1.3132 + 0.3262% — 0.0132° + O(7-1073), lz| = 2.

It is now easy to verify that |gs2(x)| > 0.4 along the circle |z| = 2 so that (57) follows
by (60). At last, a new application of the Rouché theorem proves that gs2(z) has a
unique root below 2, since the roots of 1 — 1.313z + 0.32622 — 0.013z> are 1, ~ 3.79
and = 20.28. ]

Now we have at our disposal the tools to understand the convergence of F 2 (z¢)1yp.
Numerical tests suggest that the eigenvalues of Fy(xz,) are real, positive, and simple,
but we are unable to prove it in general. Lacking proof of these properties, our
argument is a bit more complicated.
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Let v denote a 1-eigenvector of Fy(x,), with real and positive entries. Let € > 0 be
an arbitrary constant, and let Ry = Ry(€) be a square matrix such that:

i) R@Ul =0.

i) ||Re|] < 1.

iii) Let n;e for j =1,...,¢ denote the eigenvalues of Fy(z¢) + €Ry¢, with 7y =1

for every e, then |0 —n;0| < 1072 for every j.

iv) The eigenvalues 7; . are simple.
Such a matrix R, exists. In fact, the orthogonal complement of v; is preserved by
Fe(xg); hence, we can identify the matrices satisfying ¢ with the matrices acting on
v{ — vi. Under this identification and based on continuity the conditions i and
111 are satisfied by any matrix in a suitable open neighborhood of the null matrix,
and the matrices failing v belong to a closed and zero-measured subset.
For every j > 2, let v be an eigenvector of F;(z,) + €R, with eigenvalue n;.. Let

¢
1) =a1v1 + Zajvj,e
k=2

be the decomposition of 1, in the basis of the eigenvectors v;.. Being simple, the
orthogonality of the distinct eigenvectors gives the equality a;||v;.e||3 = (14, vj.), for
every j. Moreover, (1,,v1) = ||v1|| (because the entries of v; are nonnegative), and
[(17,vj)| < ||vje| in general, therefore:

[0 [[0).cll .
= la;| < : V7.
lv1]13° 77 sl

We have proved that the eigenvalues of Fy(xy) are lower than 1/2 in absolute value
when ¢ > 32, therefore for such ¢ and for every k& we have by i—iv:

ay

14 2
(Folae) + R 10 = 1004y oy llog.l” 0.51%)1,.
o]l = llviellz
The Cauchy-Schwarz inequality gives ||v; || < VZ||v; |2, hence:
[oa]]
los 3

RHS here is independent of e, therefore setting ¢ — 0 we conclude that:

(Fo(ze) + €Rp)2 1y = v1 +0(£20.512)1,.

F2 (z0)1, = Hv1||2 v +O(F° 0.512k)1g.
vl
Let a'®) denote the eigenvector ”“:11””2 v1. Then, the previous equality and Lemma 9
2
give:
k v Tle ¢
(61) a0+ _ o0 = 0(42 0.512° + £2(2¢)? (W) )14

for every £ > 64 and for every k. By choosing k in such a way that 0.512" ~
(26)2k (z2e/V/0)! in (61) we get:

(62) a®t — O = o014,

when ¢ is large enough. We complete a® to an infinite sequence by queueing
infinitely many zeros. Suppose that ¢ diverges along the 2 powers; then (62) proves



REPRESENTATION OF A 2-POWER AS SUM... 29

that there exists a new sequence a(* of nonnegative numbers such that ag.ﬁ) — ag.oo)
for every fixed j. The following argument proves that the convergence is not only
termwise, but also in the ¢!(N)-norm: this claim needs an ad hoc proof, since (62)
involves only the ‘plus’ part of a(29.

The relation .7-"2@(3:25)04(%) = a2 implies that:

(63) Toe(w20) I + Log(wpe)a®)™ = a0

The norm of Lo(x9e) is lower than x%; in particular, it is lower than 1 so that

Iop — Log(x9¢) is invertible with inverse equal to ;:i% E’gz(@g) and norm lower than
(1 — 226)~1. Hence (63) can be solved for a?)~, giving:

(64) a7 = (1 = Lop(90)) " Tap(220) PO F
and
_ e
(65) 97 < mxée 9% < 2eaty |a®OF]| ve > 64.
20

As a consequence, by (62):
a9 = [l + P97 < (1+ 2exh) |97
< (14 2¢) (Ja®] + bet)

for a couple of positive constants b and ¢, when ¢ > 64. When written for the
sequence of 2 powers this recursive bound implies that:

D) < (1 + 2622 (||| + b2

giving
. . k—1 k-1 k-1
o) < T+ 2ea®) +0 3027 T (1 2e2™")
s=4 s=4 w=s+1

for every k > 5. The convergence of the infinite product and of the series here above
prove that the norms ||| are uniformly bounded when £ runs along the 2 powers.
From (65) we deduce that a(?)~ < z¢ so that (by (62)):

(66) 1) — o) < 00014 4 74,
This shows that the vectors {a(ﬁ)}ﬁpower of 2 form a Cauchy sequence in ¢!(N) and

in particular that a(°) itself is summable.

Now we prove that the first entry in a(%) is strictly positive, later we will see that
this implies that each entry in a(°) is strictly positive as well.

Lemma 11. agoo) > 0.

Proof. Let ﬁ(e) be the positive eigenvector of .7:2— (z¢), normalized in such a way that
(Y, a®) =1. Then f?k (2¢) for k — oo converges to oD BT (see [7], Th. 8.2.11);
in particular:
00 4 4
(67)  a®| = |7 (zo)Lel| = [ D8OT1 = Y al?8Y) > (80, a?) = 1.
53
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Moreover, the first line in Fy(z)a® = a® reads Z§:1 l’gGg@l((L’g) - agg).
Using Lemma 7 and (66) it is easy to verify that this relation as ¢ dlverges along

powers of 2 becomes:
~+00 —j
Ao

(o0) (c0)
—a =0y .
Z 1) T 1
= (25 -1
Suppose agoo) = 0. Then the previous equality implies that a§°o) = 0 for every j,
because we know that agoo) > 0, which nevertheless contradicts (67). g

Remark. With PARIgp we have computed ag64) and verified that it is > 0.95. Thus,

keeping track of the constants in (62) it is possible to prove that agz) > 0.94 for
every 2-power £ greater than 64.

From now on, we assume that £ is a 2 power, in order to take advantage of the
convergence of al® to a(®) and of the uniform boundness of their norms. Under
this hypothesis we prove a positive lower bound for the entries of a(®).

Lemma 12.
o) s gZr Aol gy < g,

Proof. The uth row in fg(:ng)a(f) = a'¥ reads:

ngG% —u ()

Thus, isolating the contribution of the term with j = [u/2] and recalling that
G(()%) (z¢) > 1, Ggw (z¢) > g, we get:

[ (26) (€) ZfU/ﬂ (€
o) 2 af Gy @)z 2 Uupyy  VOSE
Iterating this inequality we obtain:
o) > a 22“0@ I /Q'ﬂagz) > x?u—‘rQ[logQ u1ag@7 Vu <,

(0

which is the claim since o’ is bounded from below by a positive constant, by
Lemma 11. U

We use the uniform bound for the norms ||a¥)|| to prove an upper bound for the
‘minus’ components of a(¥), stronger than the previous one in (65).
Lemma 13. There exist a positive constant ¢ and an integer £y such that:

™ < reatt e > 4y, Yu < 0)2.

Proof. We split the proof in five steps.
L
Step 1. Let 8 := Zy(z;)a®*. Then 8, < a:£2+u for every ¢ and u.

In fact,
e/2
The uniform boundness of ||a )|| and the bound 24/2 )z (xp) < €%

. . 2J B § —u
give the claim.
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Step 2. Prove that o™ <« x/2+ for every ¢ and u < ¢/2.
In fact, (64) gives:

a7 =B+ (1= Lo(we) " Lo(xe)B.

We know that ||£¢(z¢)| < 26 and 8 < xg/2, therefore ||(1—Ly(z¢)) " Le(20)B|

< x?e/ 2 thus:

3¢/2 /24
T =By 0 ) <z
because u < £/2.

3
(42
Step 3. Improve the bound on 3 to 3, K :cél( - u), for every ¢ and u.

In fact,
/2
— £ 20 0+
Bu=2_ % usz —0/2— JTo)a
j=1
& = L2t/ 22t
— Z £/24u Z 7 a(@)—i—
S @i—t2—ut2e)
2j—0/2—u+20t>0
¢/2 0 ] £/2—u
2+4u
) Z @ )
£/2 . +o0 x2j4/2—u+2é+zet s
u ¢
+j§lxz tz_% (25 —€/2 — u+2£+2£t>!°‘f '

The uniform boundness of ||a¥)|| and the bound 2j — /2 — u + 20 > ( + 2
(because u < ¢/2 and j > 1) give:

2 oo /2 G
ze w S
By < Gt 2. i
j21+%

We know that a9+ = aWQ)+O((€/2)71'4€/2)1€/2 by (62), and for j > ﬁ‘i‘%
(¢/2) _ _(¢/2)— L/4+(j—2/4) _

we have a; '™ = ;i LTy = xZ/Q, by Step 2. Therefore:
1.22 £/2 q;% 9
9)—1.4¢/2 £/2+u /
Pu<r 1l +(¢/2) t ;u (25— /2 —u)!
Jzity
26 1 48/2 6/2+u £/4+u/2
By Lemma 7, x; — x5 = O(?Z/%)Kﬂ (for ¢ > 32), therefore the claim

follows.

Step 4. Using the argument in Step 2 we deduce that ag) <Lz (ZHU).

Step 5. Using the bound in Step 4 for aq(f)_ in Step 3 we get B, < xél
and then the analogous upper bound for a,,; iterating this procedure k times

—273)(€+2u)
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we get:
_9—k
aq(f)_ < quél 277) (0+2u)
where ¢ is a suitable constant which is independent of k and can be made
independent of ¢ and w if ¢ is large enough (actually, ¢ = 6 works). Setting

k in such a way that 2% < ¢ we get the claim.
0

Lemma 14. There exist a positive constant ¢’ such that:
¢ xf a0t > O,

Proof. By Lemmas 12 and 13 it is sufficient to prove that there exists ¢’ > 0 such
that:

0 g OB s pepl2u gy < g,
Any ¢ which is greater than ¢—2log, 2 for every large ¢ (e.g., ¢ = ¢+1) works. O
Finally we can prove our main result.
Lemma 15. There exists £y and a positive constant v such that:
Fo(z))aP < al9% v >,
for zy := xgy(1 — fy%).

Proof. We look for an x such that Fy(z)a9t < a9 with 2 — 299 = o(1). We
know that F; = Tos + Loy, therefore the inequality can be written as:

(68) Too(2)aZ% 4 Log()a20F < o207,
For every = < x9p we have IM(;);)Q(ZZH < a2D- by (63), hence (68) is implied by:
a(%)* < %a(2€)+’ £2e(x)a(2£)+ < %a(24)+‘

The first inequality does not involve x and holds for ¢ large enough, by Lemma 14.
For the second one, we see that:

~

u (1 ¢ u
[ﬁﬂ(w)a(%)ﬂ N Gyhoeu(@)eg™ T <t
j=1

because the components a§2£)+ are bounded uniformly on ¢ and j. Recalling Lemma

12, hence, it is sufficient to find z < x9p such that:

cxl v < xngr?flogg u]

holds for all u < ¢, where ¢ is a constant independent of £ and u. We meet this
condition by choosing:

x = x9(1 — 1
for a suitable positive constant v independent of ¢ and u. In fact, for such an x the
inequality becomes:

log, ¢
0g€2 )’

xgzu—Ql'logQ u] (1 . Vy)f—i-u < 1/0_

The greatest value of LHS is attained for u = ¢ in the first factor and v = 0 in the
second one, therefore it is sufficient to have:

x2*€2|—10g2[|(1 _ 7%)6 < 1/6.



REPRESENTATION OF A 2-POWER AS SUM... 33

This inequality holds whenever ¢ is large enough if we set v > —2log xo, for every £
(and this is possible uniformly in ¢, by Lemma 7) because in this case LHS tends to
0 as ¢ diverges. O

We can now conclude the proof of the theorem. By (62) the inequality in Lemma 15
can be written as:

Foz)a® + 0" MO Fy(z)1, < o + 01, v > 1.
Since Fy(x))1e < || Fo(z}) |1, < 1, independently of ¢, this means that:
(69) Foz))a® + 0191, <a® v >,

Now we show that we can find z < o, with 2/ — 2 = o(1) and such that F,(z})a!
is lower than LHS in (69). In fact, let h € (0,1/10) that we will fix later. Then

Fo(xy —h) = Fy(z)) — hD

)

(20)

5, (), and hence

where D is a matrix whose u,j entry is the derivative of "G

uw“_ng{)u(x) + x“Gg{)ufl(w), computed at a point in [z}, — h,z}], and hence in

(1/2,1). Suppose u even. Then the term with j = u/2 is greater than ux“_lGé%) ()
> u:L‘“_lG(()2€)(1/2) > 1/2%. If u is odd the same happens to the term with j =
(u+ 1)/2, therefore in every row of D there is an entry which is greater than 1/2%.
This implies that:

1/2
= O) — T (I (D) o | 1/2°
Fi(xy —h)a' < Fo(zy)a'” — hmin{ay,’}
1/2¢
Therefore o/ := x, — h satisfies Fy(z})a) < a¥) whenever:
1/2
2
hmin{a"} 1/2 > 00140,
1/2¢

where ¢ is the fixed constant whose value is implicit in (69). Recalling Lemma 12,
it is sufficient to set h such that:

1/2
20208 0 1/22 > J0ty,
1/2¢
and if we choose h = 1/¢ this inequality is true for ¢ large enough.
Let & := min{a}, x,}, then we have both
Fo@)a) <Fo@ha® <a® and  Fyli)a? < Fylz)a® = o,

for all ¢ > ¢y. Therefore any constant below &, satisfies (51), giving the upper
bound Ay, < @_2 for every 2-power ¢, large enough. Since &y — 1/ A, we get
that Ac < Ao, which concludes the proof of the theorem.

The sequence F;(z¢) can be made to a sequence of operators £*°(N) — (1(N),
uniformly converging to the compact operator F: {*°(N) — ?1(N), whose u, j entry
is Aod /(27 — u)!. Restricting F to £2(N) — ¢2(N), we get a new operator having
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(™) as eigenvector, with an eigenvalue equal to 1. This fact addresses the question
of whether it is possible to use F and its eigenvector a(®) to prove that Ase < Ao,

perhaps as a consequence of the formula (29) for d;,. For example, we can try to

prove a bound of the form d; , <, a&oo)()\oo +n)* for every i and u, for every n > 0.

This bound is the natural extension of (47) and produces an immediate proof of the
theorem, according to (31). Nevertheless, it would imply that:

Moo + 1) <y i

because d;2; > 1, according to (29), which is impossible for 7 < )\go — Ao Since from

Lemmas 12 and 13 it follows that:
)\gouf [logs u] < agm) < ucAgou Vu

for a suitable constant c.

These difficulties show, in some sense, why our proof has followed from a judicious
use of the interpolating vectors a'¥) and of some very tricky properties of them, and
is not just based on the existence of F and a(>).
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